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Abstract

This paper revises the Quine-McCluskey Algorithm to circuit minimization problems.
Quine-McCluskey method repeatedly finds the prime implicant and employs additional procedures
such as trial-and-error, branch-and-bound, and Petrick's method as a means of circuit
minimization. The proposed algorithm, on the contrary, produces an implicant chart beforehand to
simplify the search for the prime implicant. In addition, it determines a set cover to streamline the
search for 1% and 2™ essential prime implicants. When applied to 3-variable and 4-variable
experimental data, the proposed algorithm has indeed proved to obtain the optimal solutions much

more simply and accurately than the Quine-McCluskey method.
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ARSI
o3t 7152 83k =2l3l& (logic circuit) & 4
TYE I5E FAHA L s BE 5
FE HANE BAe BYA T A, A
Aol £379 W ozt Ak v]8 A7k Aok 4 Qe
AA wl-- eFEE HHolt}, ol 2 H4s
(circuit minimization, CM) &A|2} 3},

F-81<= (Boolean algebra)eld, E=2l32e ddtzo
2 58 < (Boolean function) 2 THH}. 2
2 Ha3l e ] 3 FAE geA SoHl). 2
1 1950 dthell =714 ¥l 7k2 %) (Karnaugh maps)
Ak} 71sdt 28291 FEl2E WEQl Quine-McCluskey
gaE|Fo] ARF o]F A 7HA| B}t E&F o] Thekek W
Hell gk A= A9 gle Aot A, gAEFE
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oA 7k2e folut Quine-McCluskey ¥2EES ¢
w0 &gatu SUrH2,3).

7tz g Foli 2 I8 AR Hashyle
ATA WHoz ge Az wdo] AQHH, A Faln
SFE I e el o] W2 Tt 670 <]
o] =W ARz ekon, AR o2 ©A] 4 R7A|
AL ok &3 o] W AFH Zrager A
T 4 |l

n7fe A o]

} (minterms)< 7F2 4= 9}
oy

aLHCEES
A%

o} n7je] Wepel] thet ol F-&
o] MEE kgt 3, k<2'o] "t} o] B AL HE
2(i=1,2,--,n—1)70¢] 25 WE F gloH, o3 Ux ¥
(implicant)°]2} gkt

Quine-McCluskey €2]H(3]& FI%1 F& <
gt W2 dE5e F8taL, tE HE ol s XA
&= sl WE 39l = WE 3 (prime implicants, PI)
7 o2 Pldle gle 4 g2 Xdste + x99l 25
Z W= & (essential PI, EPD) & T3, 325 w3l
=g

w2bA . Quine-McCluskey ¥ag]&e F WE 3 Wi
(the method of prime implicants) %= T3 W (tabulation
method)ol2ka® F2r], 1956 712 99| tigto
ArE ATt o] WHE t2w Wi V|SA LR FUSAI,
TRE 2835 wiid AFEH daeFoR AHgsd B

o Z&Feolr, B2 Il Ha FEE ASsket sloiA

2324 d12]E2] Espresso heuristic logic minimizer
£ Ackeigien, 3z Hast FAldM AMY £ e
2 AMEHT Qi o] GuEES dvdoR 10719 &8s
7110 W7 BHE ¢ e, Folxl Bg s Y
abd Hashd PR E FYSlEE 22 ado] Fo] gt
o] Bll= Vinodchandran(5), Siggh et al.(6), Morrison
7} Ranganathan(7)9] 7427} AT Quine-McCluskey
S ERT; et Aoe AR Zasith
B =RoME T2 133lE =791 Espresso heuristic
logic minimizerg& 2834 %31, Quine-McCluskey &
NEES BeAog Jhdste] 488 4 e S Al
3

o} 289 E Quine-McCluskey €aelES 123}

kel

oA Quine-McCluskey €12l&S A& 07 7jAe
A ES Actatt 4o E ALE duelEs gt

ARElEl Agste] 2ot

[l. Quine-McCluskey 212|&

Quine-McCluskey €a1215(3]2 thaat 2o 29AE
T3,

Step 1. TR §-& 39 BE F WX 3 (P Ze=th
- WA e Ageie] 20228201 gE
FolM PIE Zet)
Step 2. Step 1914 2 PIE oz g o] Hi
g2 9= 3= 5 WA g 2AE (prime implicant
chart, PIC)E AH&al Folzl F-& Fro] A
FES BT AR I F UIX 3 (EPD  of
Yz} o2 PIES et
- Al@ZH (trial-and-error) ©2 12 EPI9}
22} EPIE 2= W
- Petrick’s Method (8)
- 27134¥ (Branch-and-Bound Method)
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ARE) sietelr] 99 4 (1)9] 28 948 12 2A,

F,(4,B,GD)=2m(4,8,9,10,11,12,14,15) (1)

A (1)& 4 ¥ 4,BCD {89 gt 3 2%olt) of7)
A m A e vleir], ke Ha o] ddzot
9] g (sum of product, SoP)& THA] E& sk

fI(A.B.CD)=A'BCD +ABCD+ABCD+ (2)
ABCD +AB CD+ ABCD +
ABCD + ABCD

Step 1< F 17} o] $PHT}, Folxl Bg T o

d k=8<2'0g 209222807 IFOT RS L 9
Y & 2y} 2ge o 1gke] 2gho g hEoRin)
kb 2 glo] BE Qlula gro] 20719 dhe] gl x|
| %%2“& 5 FARIE o] YUt Rojd g5 FUlE g
(PDelgt 3k, Step 20 &8Ht}. Step 15 Foh=d]
o] o 2 271 EAEE 2 9l
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(1) Feixl

Z & (PDol HEAE € 5 g7] Wil 2!,
7Fedt 5 Tl F U=
Aot

(2) 2°2'-- 27 1e] AR g Tk,
< A719] Fo| Hr} 2 gl £FHEA
ofol gt}

F-& ol el o 4 g9 a5o] F
on *13]
& Aot olewol

qoz ue 3
¥g 243
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Table 1. Determination of Prime Implicants

Al 20w 2l g 22 3 2% %
m(4) (0100) m(4,12) -100+
1 m(g9) 100- (891011) 1
m(®) (1000) m(89) 100~ (8, v -
e Lo | m8161Z1 T o
m(9) (1001) m(9,11) 10-1 - -
. m(10,11) 101- 1 _
2 m(10) (1010) m(10,14) 1-10 m(10,11,1415) 1-1-*
m(12) (1100) m(12,14) 11-0
3 m(11) (1011) m(11,15) 1-11 - -
' m(14) (1110) m(14,15) 111~ - -
4 m(15) (1111) - - -

Step 201ME A HAAR, Step 1014 A& * JES o
2 Tl Bg I5E 92 3l ¥ 29 F U g AEES
2ggict, of71A e "4 X g (EPDS 9riditt
Folzl K& 7}5}—1‘2‘ F 4:814]7]7] HO}W“ EPIE 2%
Melsla, F7Hos

gaiof Ak, o] FY5 FAelr] flaiHE EPIt oW
A Zgaliof she £A17F BT Step 28 AT W
ol Al 23} B} AAAQ Petrick W (8] £7]

o] 9tk oJ7]1AME PetrickH 123}
2 F U=z EXE
Table 2. Prime Implicant Chart
*ux % TE e Al
md | m8 [ m9 | ml0 [ mil [ mi2] ml4] mi5)
m(4,12)« X X 0
m(891011) X [ X[ XX 0
m(810,12,14) X X X[ X
m(1011,1415) X [ X X[ X[ O
F(A,BCD)=BCD+AB+AC

Petrick HPH(8]& X+ XV=X XX=X, X+X=X=
3} Al71e EeR Tt o] fadr)

(1) PICOlA EPI &2 o]¢} Aakel E3 A8t PICE
SFAAZI

(2) F&4€ PICY| @ P& PP, )

(3) BRE ¥L Ak =2 PE I P 7

e (sum term) P, + 7, + -+ P, 2 PoS (product
of sums) & 3=, P,= € jE 7Wdke $& ¥

(4) 7+ gefl lsl X7} Fold g Pof F UE & st
3, 72t 9& F3 PoSE AL, X+XY=X XX
=X, X+ X= X5 H&sjo] & SoPY PR FaA7
t}.

(b) ZAFZ de 7 g2 3E njgitth. Hi 5 A%e
2 Aslz] 98 15 ol Ha9 PIE EFsta 9l
=AE Zeth

(6) "oz 7 PpId
FE Ak,

(7 & BAS7F 449

sle A 75
S d=2 2gF

F, 5% @5 #4908l Petrick W< 243519 oy
3} o] Fgdrt.

w=m(4,12) = AB ', 2 =m(8,9,10,11) = AB,

y=m(8,10,12,14) = AD ,z = m(10,11,14,15) = AC
m4 =w, m8= (x-‘ry),mQ:z, ml0= (x+y+z),
mll=(z+z), ml2= (w-‘ry), mld= (y+ 2),

mlb=z

:w(z+y)x(x+y+z)(x+z)(w+y)(y+z)z
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(zt+y)e+z) =z +ayt+aztyz O BHZS MESICH o, 2°01 FA 82 JGH L0t
:x-‘rz(y-‘rz)-i-yz
AR Step 1. ¥ Y9 5 U= ¥ 4
Y (1) 8HEo oY RASO| =0T £ &4 Fo N22FE
(y+w)ly+2) =yy+yz+yw+wz ol 2pr Med ('O")BICH =, EES SH B0l Uieh oY
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=z talytz) tayztyatyz T (‘08 B MEIEHT 2O, JZX 2O (X) A
“rtayztyz SSICH O, FAS B 2 BE M () S
=x+tyz
:w(x+yz)x(y+wz)z 2
(x+y2)(y+wz) = xy+wez+yyz +wyzz i:efé :If' j;‘g (Eﬂstﬂoﬁ?_j))\ sle gz s = |
:xy+ztf:nz+yz+wyz 1— ;H*_ oj of; , T= = _|—|+ = = Ol’: - H
=zy+wrz+yz(1+w) I g NES el
=zy+wrz+yz SelectProcess()
=wlzy+wrz+yz)zrz (1) 22 &4 Fo 2t 24 x0f Ciol Step 10IIA SEiE! = LY
= wrzay +wrzwrz +wrzwz I g 0N EAEIE f S B
= +wrz+ ' = us
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B2} Aot 74 2o 3k A wrs (1-2) gret, fo=101 A It EMotH, z€PQ = U
FL(AB.CD) = wws= BOD + AR+ AC T ES MEE0 OOl EEABID, FY OE =
WE S0l CHoll MeiEl = WE 8o 2IASS ALY
; SHCH
Petrick & 212 Thesh WS IS AL L (0) oiep £ = 101 @14 20t ZTHEIKI 222 IndudingProcess) S
& ®Ho}h AAHQ WHoz ASFAZAAR, YT BExlsie] A SBUBHCE
£8P 7FsAel e BEE 2t %rgdufingHPEOfeﬁs() - r o
. 1) RAWAIF OB = WE 3E2 249 22
A, 339 Quine-McCluskey &atg]&9] Ste _ _
fan o°n] ; OQ e 2 <) Of Eﬁ” . P (1-1) YA (cardinality) Ot FAQl = WE 8 . ¢
o 3] = 11 S
L7+ Step 26 A S AL £ 2l dnel=s Adad. 0l Jbset ETH BANAE T F UE & ¢
o WEETEOIM . ¢S AHESCL 0 FS
: O OlA ARIE . cOF 912 WX 82 f, =1
Il 7HM = Quine-McCluskey 21a|& | 018 ANE pipclt S W 52/,
0 LS MK BHE LB
) ) o (1-2) e, £ =101 ZXfot® f, =19 fFAZ 2D
2 AdME TR Fg e 325 Hasksh] f9 s FaS OOl EEAIRICL DY f =10] E
Quine-McCluskey Za2]&<] 281 $238381A]7t Step 1 THBIXI 9411, RIAINIE 101 EE0| T EMat
A WOk AARom U &S AsE 22 gn oY TEES T 0L SILIE OO0l TEARICH
_ _ ! 3 — 3 =2 =25
(Implicant table)& °l-&3H= WH< #-83kx, Step 2° (1-3) &% F=¢0I RInS SR8
el e D e s (2 SYs FANAE INIF F UE S0 EXfels ER
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o FYPuE (Set Cover) S = WS A9k}, Fo 02 = UE 80l ol deiE = L &l
Step 1914 &EE o] &sP] Hall, A F-& e ¥ ALES AHISHCH
) 0) e = UE S Ok £, =101 =5
G W nln=2.3.10)0] the T2 PomyE 2, 2) w8 % U SEW ol /. =101 Stk
T, e ot e rEPQ = U B2 MEisl OOl EEAIDID,
n=2 & 3¢ 3} i = ol &
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19 F & gl dig) AtE dugEs 183
L F 3ol A= et
E 3. 7WME Quine-McCluskey ¥121&

Table 3. Improved Quine- l\/IcCIuskey Algorithm
(a) Step 1 (SHOIM LHE & AMEH)

F(4,B,GD) = 5m(4,8,9,10,11,12,14,15)
7 % aftha ¢ afiiy

m01234567)=A'
3 3 | m0,145891213)-C'
&714) | m0246310,12,14)<D)
m(012389101D)-B

m(1,357911,1315-D

m23671011,1415-C

m456712131415-B
m&91011,12131415=A

m371115) = (D

m0123) = AB

X X
X X
X X
X X
X X
m04R12) = CDY X mAd567 = AB X
m0145) = A'C X mA51213) = BC X
m0246) = AD X m461214) = BD X
m0189) = B’C’ X m571315 = BD ¢ X
922 3 | m02810 = X m671415 = BC X
G| mI3ED) = AD X mR91011) = AB' 0
m(13911) = BD X mR91213) = AC X
m(15913) = CD X mg101214) = ADY 0
m231011) = BC X m911,1315) = AD X
m261014) = (DY X m(10111415) = AC 0
m2367) = AC X PAE = AB X
m0]) = ABC X X
m02) = ABD X X
m04) = ACD/ X X
m(08) = BCD X X
m(13) = ABD X 0
m(15) = ACD X O
m(19) = BCD X O
ol g | m23=ABC X 0
@) | m26) = A X X
m210 = B X O
m37) = ACD X 6]
m311) = B(D X O
m(45) = ABC X X
m46) = ABY X O
m412) = BCD (0] X
mb7) = ABD X 6]
9] g 7 ERRE
TE 3 il ® Kt
5 (89,10,11) X
922 & (810,12,14) X (10,11,14,15) X
(412) X (10,11) (0]
(89) (0] (1014) (0]
ol g (810) (0] (11,15) (0]
812) (0] (12,14) (0]
911 (] (14,15) (0]
(b) Step 2 (212 =43}
SEA T e R
m | m8 | md | mi0 | mil | mlZ mi4 mi5
m(4,12) X X O
m(89,10,11) X X X X O
m(810,12,14) X X X[ X
m(10,11,14,15) X | X X 0
RIS 1 2 1 3 2 2121
WE % B g Ay
f=¢
I
F\(A,B.GD)=BC'D'+AB +AC
& o =]
Iv. A8 & A1 &4

E FollMe WA, 2 (3)9] F& ol il Quine-
McCluskey €a2l53} A|ote dag] &S vlwske] Aekd

2due]Eo] Quine-McCluskey Zag]Eel Hla] drpt 2F
WA E nFE Er} thgeg, 4 (4) ~ 2] (7)o vl
Aot daneEE A8t £t
Fy(4,B,0) = ¥m(0,1,2,5,6,7) 3)
Fy(A4,B.C) = 3m(1,3,4,5,6) 4
=A'C+AB +AC’
F,(A4,B.GD)=5m(0,2,5,6,7,8,10,12,13,14,15)  (5)
=B'D'+BD+CD'+AD’

Fy(A,B,C,D) = £m(0,2,3,4,5,6,7,8,9,10,11,12,13)  (6)

=A'D'+A'C+BC'+ AB' or
A'D'+B' C+A'B+ AC’
F,(4,B,GD)=¥m(1,5,6,7,11,12,13,15) (7
=ABC'+ACD+A'BC+A' C'D

Fy(A4,B,0)° t3 Quine-McCluskey €x8l%2] PIC
= ke 2t

19] 7% 90 g+ ol o 22 &

0 mo (o) | MO 00 -

m(02) 0 0*

1 ml (00D | m(1p5) -0L* -
m2 (0100 | m@26) -10% -
mb (10D | mG7) 1-1* -
mb (1100 | m67) 11-* -

3 m7 (11D - -

o T T

- c m) | ml | m2 | mb | mb | o7
K m(0,1) X | X | -1-1-1-
L m(02) X | -|x|-1-1-
M m(15) - X |- x|-1-

N m(26) - - x| -] X |-

P m(57) - -] - x| -1]X

Q m(67) - -1 -1-]1xX1|X

9] PICe thel Petrick W< 28 t&3t o] 4
phel=g

= (K+ L) (K+ M)(L+ N)(M+ P)(N+ Q)(P+ Q)
(K+ L)(K+ M) = KK+ KM+ KL+ LM
=K+ K(M+ L)+ LM
=K+ K+ LM
=K+IM
= NN+ NL+ NQ+ LQ
=N+ NL+ Q)+ LQ
=N+N+LQ
=N+LIQ
= PP+ PM+ PQ+ MQ
= P+ P(M+ Q)+ MQ
= P+ P+ MQ
= P+ MQ
= (K+ LM)(N+ LQ)(P+ MQ)
(K+ LM)(N+ LQ) = KN+ KLQ+ LMN+ LLMQ
= KN+ KLQ+ LMN+ LMQ
= (KN+ KLQ+ LMN+ LMQ)( P+ MQ)

= KNP+ KMNQ+ KLPQ+ KLMQ+ LMNP+
LMMNQ+ LMPQ+ LMMQQ

(Z+ N)(N+ Q)

M+ P)(P+ Q)
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= KNP+ KMNQ+ KLPQ+ KLMQ+ LMNP+ LMNQ F (4,50 ts) Aete duelEe o2 2ol 523

+ LMPQ+ LMQ -

KLMQ+ LMNQ+ LMPQ+ LMQ Aot
= LMQ(K+ N+ P+1)
= LMQ Step 1.
= KNP+ KMNQ+ KLPQ-+ LMQ-+ LMNP
(3) ) @ @ @ Fy(A4,B,0) = 2m(1,3,4,5,6)
F, = KNP or LMQ — - e o &l
F, = KNP= AB+BC+AC or e ° AR ° AREAT
LMQ=A'C+ B C+AB > 5 | mOI23 X m(1,35,7) X
(%7]_;}) m(0,1,45) X m(2,36,7) X
m(0,2,4,6) X m(4,56,7) X
F,(A4,B )9l dial Al Saue])g thadt 2ol 43 m(0,1) X mZ6) X
m(02) X m(3,7) X
=}, ol & m(04) X m(45) 0
{27 | md3) 0 m(46) 0
m(1,5) 0 m(5,7) X
Step 1. m(2,3) X m(6,7) X
F,(A,B,C) = Ym(0,1,2,5,6,7) Step 2.
- 9] = 9] fon=
0 [ afthe | ¥ |afihe ey fo T e
= mo
67FD | m0246) X m(A567) X m&e; - % I ; i
m(0,1) 0 m26) 0 M%) = A0
m(02) 0 m(37) X m(46) = AC 1 1 O
ol & m(04) X m(45) X ElAES 2 1 2 2 1
1271A4) m(1,3) X m(4,6) X
m(15) 0 mB7) 0 S
m(23) X m(67) 0 T & TEET A
mo
Step 2 m(15) = BC 1
md5) = AB 1
Wz 3 TE A g et 2
m) | ml | m2 | mb | mb | m7 ) , | , , , ,
0D T T 1 -1 - T -T1T-1 9% F(A,BCO)=AC+B C+AC or A C+AB +AC

m(02) 1| -]1]-1]-1- -

ﬁg‘é; -l 1 1 1| : - F,(A,BCD)l vl Alte duede s 2ol &

m(57) -l -l -1 -]1] - 3=

m(67) -l -l - =111 - Jelt.

FIEES 2 |2 ]2 ]2 ]2]2 F,(A,B.C.D) = Ym(0,2,5,6,7,8,10,12,13,14,15)

= T g :f;-gl 3] 3 uthl 3]

WE g e Ak | AE 01234567 A Xﬁi 2 135791 L1315-D XJT:? o

5 M40 =, YA-ANN .0)=]

n2 | mb | mb | i 23 3 | m0145891213-C X m236710111415-C X
m02) 1| -] - - 1 - {®F) | MO2468101214-D | x mAS6TI2131415B | x
m(15) _ 1 _ _ 1 _ m(0123891011)-B' X m@®910,11,121314,15)=A X
m(26) 1 - 1] - 9 0 w0123 = AB X m371L15) = D X
A ER R MER | | e |

~ A0) = /£ X « o) = X
o7 I MR | o | mE |
Mg 312132 92 5 | mO2RI0 = BDY o 71415 - BC 0

Gy | ml3s) = AD x mE9I01D) = AB' x
rE AL | 1| mE | S
- = Y S 2= : Old) = X ) =
HE 3 5 o R | A w230 -BC | x m91T1315) = AD x
m26,1014) = CDY (0] m(1011,1415) = AC X
ngg; - - - _ m2367) = AC X m(12131415) = AB 0
m(0, - - - -

m(1.2) - - - -

, _ - ¥ 8 T=ET ©
ﬁ%% % 1 % - e o0 2] 5] 6] 7] s s
m(67) - 1 1 0 m02810) = BD | 1| 1 1 0
== 7 ) m261014) = (D 1 1 1 1

m571315 = BD ° 1 1 1 1] O
: LoRR S =S m(67,1415) = BC 1] 1 1/ 1
Yz Te T A2 | Add 801210 - AD 1 1 1
e f*qﬁ m(12131415) = AB 1] 1| 1
= — I 1) 2] 1] 2| 2| 2[ 3 2] 2] 4] 3

F,=m(0,1)+m(2,6)+m(57)=AF+BC+AC
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Wz 3 TedT e WE Y TE g w0
5 7 i B[ ]| md] I
261014 = (D T i [0 m0246) = AD i
m671415) = BC 1 1 m2367 - AC 11
TR0 - AD i1 1 m4567) = AB 111 0
12131415 = AB i |1 mA51213) = BC 1 1
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