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An Integer Programming—based Local Search for the Multiple-choice

Multidimensional Knapsack Problem

Junha Hwang®

Abstract

The multiple-choice multidimensional knapsack problem (MMKP) is a variant of the well known 0-1

knapsack problem, which is known as an NP-hard problem. This paper proposes a method for solving
the MMKP using the integer programming-based local search (IPbLS). IPbLS is a kind of a local

search and uses integer programming to generate a neighbor solution. The most important thing in

IPbLS is the way to select items participating in the next integer programming step. In this paper,

three ways to select items are introduced and compared on 37 well-known benchmark data instances.

Experimental results shows that the method using linear programming is the best for the MMKP. It

also shows that the proposed method can find the equal or better solutions than the best known

solutions in 23 data instances, and the new better solutions in 13 instances.

» Keyword: Multiple-choice Multidimensional Knapsack Problem, Integer Programming, Local Search,

Linear Programming
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2. Integer Programming—based Local Search
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Algorithm IPbLS
X 1 Current solution vector.
k : The number of selected variables to be changed.
[P : An integer programming solver.

Begin

1: X = Make an initial solution using a heuristic method
2: While stopping condition is not met Do

3 Select k variables from X

4 Add objective and all constraints to /P

5: + Fix values of unselected variables

6 X = Make a neighbor solution by solving [P

7: End While

8: return X

End Begin

Fig. 1. General Integer Programming—based Local Search
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Table 2. An Example of MMKP
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Algorithm SelectLP
Input
k © The number of items to be selected.
X : Current solution vector.
L @ Linear programming value vector for the original problem.
G, : The item set of i~-th group.
LP_ratio(0.8) : The ratio of items to be selected by LP.

Output
J © Selected item vector.
Begin
1: Ji=0
2. i) = 1if X1 ==
30 i =1if L[] >0
4: While Sum()) < (k X LP_ratio) Do
5: L = Run Linear Programming with
6: « constraint 0 <= Sum(L[G]) <= 1
7: e constraint L[] = 0 if 1] == 1
8: Jil = 1if L[i] > 0

9:  End While

10: Jli) = 1if 7 is included in (k = Sum())) selected items randomly
11: return /

End Begin

Fig. 2. Selection Method using Linear Programming

@ WA vE &85 UEP/W, Profit/Weight)
e Tk g EAl A BAE gk BgAa A

kS 587 e glol Am FAE A ofolde] F4
# QBS T A0E FHT F Uk F WA ofolq 1 3
Mol gt FAS W BE3le] o] glol 2 ofolyEol

&2
-
2
)
)
k1
S

gt} o7|M FAR pakd e Ao
G SR AEAle A Ay ik - F
(223 3]ellA Bi= whel o] 3 WA el A

=

2 fo
dob ol ok

o o (2

o
-
o

it
2

£ A3} 0L 23981 %S 1R ololBlES Fatait)
2]l 4211, Y A| ofol RIS /A Wl wel gEAo
A9

3l

il =1

A9z A ofol BT o e 4
goll glolH 2715 44 o]

ol $4 oS FA%

T
=
r)'

O

= H 10

3 A8 Ae Ad 0
5



An Integer Programming-based Local Search for

the Multiple—-choice Multidimensional Knapsack Problem 5

Algorithm SelectPW
Input
k : The number of items to be selected.
X 1 Current solution vector.
L @ Linear programming value vector for the original problem.
PW : Price/> weight ratio vector.
Output
J @ Selected item vector.
Begin
1 i =
20 il = 1if X4 ==
30 Jil = 1if L[] >0
4: Jil = 1if iis included in (k — Sum())) selected items
stochastically with the probability PW[i]/Sum(PW)
5. return J
End Begin

Fig. 3. Selection Method using Profit/Weight Ratio

V. Experimental Results

1. Comparison of Selection Methods

H A3 RE A3e Intel Core i7-4790 CPU 3.6GHz,
4GB RAM PC ¥ Windows 7 64H]|E GAA] Ao A 4=3)%]
At 23 A4 AEY 7EE Ao g 22 S 4 A
7 =491 IBM ILOG CPLEX 12.7.1 ¥ DOcplexE &
4314 Python A2 FAsITH[13].

[ 312 7} dlo]e] 2 7} ofols) A ) W Ae ug
of W HE A%E UE Zlelth. 6 S, 1079 4 =
© ofol’lo] 77} 100070122 A8 Hgo] 0.20]W tha

12!]
A5 A 58 Al g ofel¥l o2 20077} *WEM, *da*
H]go] 0.901% 9007)7F Aelg ), 7} 4%
Hatgkold, 7F A & $8) AT 147k
dlolg] & 7P £ Ayt disirle ELJ A g Htxﬂi
FEATEISAT

INSTO13} INST02¢] A4 BE Aol Slojx HHs)e w3
o] 7Fsaitt. o€le] 3571 vloje] T AH AF S a3
LP)el o3l 7P & 7t == dlolel= & 2971019, b7
Al HlE 288k WHE/W)ol o4l 7 2 §)7F BEE o]
Bl 7700t} el ar ARG Al ke AEH 7V Z% 37}

=29 dlolHE 374elth ol& 3

0 o

xj_ = 2 =20«
9 A8 e) Aol b 242 BT 5 gk
A AR S 283 Wi adel & o Aol 7P

Table 3. Experimental Results for Selection Methods

o Jel ulge doleuith T et olvh A A%

fd

Axto] tijr= ol
g Al9jstar A8 vE
dlelelelA 7 & 45
g H]&o] 0.29 0.421 4% 970, 0.3¢1 4
£ 45 BFska Yok o H% dlojevh} 2]
olate] Hla A ofolgET TR vl

o
%] ofold)

I
R
2
fru
o =
o
r£ ]
>i
o,
&
N
5]
&
(o
%
5,
o
=
o
I
R
[
i

ofm i, o

o o
y S
o
»
g
ol
ol
Lo

o

o 12 tﬁﬂ% ur}
o] 7

oaa

ol
=L

R

T e A

o
Elas

3lata glom, teow= A

A 2 FAISFATE INSTO1? INSTO2
°] 0.5¢ = 7k

0

tlolE] <l 10712

37 87H] ElolE ol A]

st 7 ‘_6;/\610] o 74_0_; EH}H

3L

i
T

=
4
=
)
o
o
=
f

ol

> ok
=2
;9‘
o
=l
ru
N
R0
o

N
olf
o
o,
Heor
°
X
N
B 2o
Sl

o
_O‘L
nj
1
o,
¥
ol

o

fru
o
o
A
gﬁi

o} A8 B o] 0.7 o3 B 3
7 g, ol of| e AHg
Afsez A= 34 29s ¥
1 Ao A HTh LPY A9 A
239 ool HES F23 HHG
o]FRE HA %3 ofo]glEe]
o] oy otold A7 BolA)
He Ao wgyn [19 4]&
AL 848 T @ W g

[sum of objective values]

1894200

1894150

1894100 — /

1894050

1894000

1893950

1893900

1893850

1893800

1893750

1893700

02 03 04 05 06 0.7 08 09

=——LP
w=fill= P /W
RANDOM

[selection
rate]

Fig. 4. Sum Graph of Objective Values for Selection Rate

Selection Rate

Data Method 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
LP 24591 .6 24592.2 24593.4 24593.6 | 24592.0 24593.0 24592.0 24592.8
107 P/W 24592.0 24592.0 24592.0 24592.8 24592.4 24592.0 24593.0 24593.0
RANDOM | 245904 24590.8 24590.6 24592.0 245910 24591 4 24592.0 24592.8
P 36890.8 36892.4 | 36890.8 36890.4 36890.6 36892.4 | 36890.0 36890.6
08 P/W 36888.0 36887.6 36887.8 36887.2 36889.6 36890.0 36891 .2 36890.2
RANDOM | 36886.0 36886.2 36887.8 36887.2 36886.8 36888.0 36887.8 36890.8
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Selection Rate

Data Method 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
P 49179.6 49183.0 49183.0 49182.6 49183.0 49181.8 49182.2 49182 2
9 P/W 49175.4 49175.8 49178.8 49180.2 49179.6 49182.8 49181.0 49183.2
RANDOM | 49175.0 49174.8 49176.0 491788 491774 491788 49179.8 49180.0
P 61476.2 61478.4 61477 .4 61478.0 61479.0 61478.0 61478.6 61478.4
Mo P/W 61476.8 61475.4 61476.8 61477.6 61475.2 61478.8 61477 4 61478.6
RANDOM | 61475.2 61475.2 61475.2 61476.2 61476.2 61475.4 61476.2 61476.8
P 73786.4 73789.6 | 73788.6 73789.0 73788.8 73788.2 73787.6 73785.6
11 P/W 73785.6 73785.8 73788.0 73786.6 73786.2 73787.0 73787.4 73786.8
RANDOM | 73784.8 73784.8 73786.2 73785.8 73787.4 73785.4 73787.0 73787 .4
LP 86086.2 86091.6 860912 86093.6 | 860918 86091.4 86090.0 86090.8
12 P/W 86087.2 86086.2 86087.6 86087.2 86090.2 86092.0 86092.0 86090.0
RANDOM | 86083.6 86082.4 86083.4 86084.6 86085.2 86089.2 86092.6 86089.6
P 98437.2 98441.0 98440.2 984408 98437.6 984404 984402 98436.8
13 P/W 98434.6 98436.2 98438 .4 98436.2 984398 98439.4 98439.4 98437.4
RANDOM | 984318 98432 2 98433.0 98433.4 98436.0 98439.0 98439.4 984388
P 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0
INSTO P/W 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0
RANDOM | 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0 10738.0
LP 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0
INSTO2 P/W 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0
RANDOM | 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0 13598.0
P 10942.6 109488 10950.4 10949.2 10949.0 10949.2 10948.6 10952.6
INSTO3 P/W 10944.2 10943.8 10948.2 10946.2 10945.0 10945.0 10952.4 10949.2
RANDOM 10942.6 10942.6 10943.2 10945.6 10942.6 10947.0 10945.8 10949.8
LP 14443.4 14447 .4 14450.4 14453.6 14450.4 14452.8 14448.2 14449.4
INST04 P/W 14443.4 14443.4 14444 .2 14443.8 14447 .2 14451.2 14451 .4 14449.0
RANDOM 14443.4 14443.4 14444.0 14444.0 14445.0 14446.6 14446.6 14450.2
LP 17055.4 17059.2 17060.4 17059.2 17059.0 17058.8 17058.4 17057.2
INSTO5 P/W 17056.0 17055.0 17057.0 17056.6 17058.6 17058.0 17057.8 17057.6
RANDOM 17055.0 17055.0 17056.2 17056.6 17058.2 17057.8 17058.2 17058.0
P 16829.6 16838.4 16838.4 16836.6 16837.4 16836.2 16835.4 16833.8
INSTO6 P/W 16827.8 16829.4 16827.4 16831.2 16834.4 16833.4 16833.2 16833.6
RANDOM 16824.6 16826.2 16827.4 16825.6 16827.4 16832.8 16835.8 16832.6
P 16440.0 16440.4 16440.8 16440.0 16440.8 16440.0 16440.0 16440.2
INSTO7 P/W 16440.0 16440.0 16440.0 16440.6 16440.2 16440.4 16440.0 16441 .2
RANDOM 16440.0 16440.0 16440.4 16440.2 16440.0 16440.0 16440.0 16440.0
LP 17508.2 17515.8 17513.6 17511.8 17515.4 17510.2 17517.0 17510.2
INSTO8 P/W 17506.2 17507.4 17508.4 17508.6 17512.2 17513.8 17512.4 17511.6
RANDOM 17505.8 17505.8 17507.6 17508.4 17508.6 17510.6 17510.0 17510.8
P 17758.2 17762.2 17763.2 17762.2 17762.0 17762.8 17761.8 17762.0
INSTO9 P/W 17759.0 17756.8 17761.2 17762.6 17762.2 17761.8 17760.6 17762.4
RANDOM 17757.2 17754.2 17757.8 17758.8 17755.8 17756.4 17757.4 17762.0
P 19310.0 19319.2 19317.8 19319.6 19317.2 19316.0 19316.0 19316.0
INST10 P/W 19311.0 19309.2 19312.0 19314.0 19316.0 19315.2 19314.4 19316.0
RANDOM 19304.4 19307.2 19305.0 19307.6 19307.4 19313.4 19312.2 19313.0
P 19434.0 194444 19443.4 19444.8 19442.2 19442.2 19440.0 19442.2
INST11 P/W 19432.4 19434.6 19433.2 19436.2 19437.2 19442.0 19439.8 19446.0
RANDOM 19434.2 19429.4 19429.8 19431.0 19433.0 19436.0 19439.6 19439.0
P 21728.6 21739.4 21740.0 21739.6 21739.0 21739.6 21737.6 21739.2
INST12 P/W 21732.0 21730.0 21733.6 21735.6 21736.8 21736.4 21737.8 21735.2
RANDOM | 21726.2 21708.2 21728.8 21727.8 21730.4 21738.2 21736.6 21739.0
P 21677.4 21577.2 21677.4 21577.0 21577.0 21577.2 21577.0 21577.0
INST13 P/W 21577.0 21577.2 21577.0 21577.2 21577.4 21577.2 21577.2 21577.2
RANDOM | 21576.2 21577.0 21576.2 21576.2 21576.2 21576.6 21677.4 21577.2
P 32873.2 32873.2 32873.0 32873.2 32873.0 32873.0 32873.2 32873.0
INST14 P/W 32873.4 32873.0 32873.0 32873.4 32873.6 32873.4 32873.4 32873.0
RANDOM | 32872.4 30872.8 32872.8 30872.4 32872.8 32872.6 32873.0 32873.8
P 39164.4 39163.4 39163.0 39163.0 39162.2 39162.8 39161.8 39162.6
INST15 P/W 39158.6 39159.6 39162.0 39162.6 39163.2 39163.2 39163.0 39162.4
RANDOM | 391582 39158.2 39158.0 39158.8 39159.0 39159.4 39160.2 39161.0
P 43365.8 43365.6 433648 43365.2 43364.6 433648 43364.8 43365.2
INST16 P/W 43362.4 43362.8 43363.4 43365.0 43365.2 43363.8 43364.2 433648
RANDOM | 43362.2 43361.8 433618 43362.0 43363.4 43364.6 43364.4 43364.8
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Selection Rate
Data Method 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
LP 54360.8 54360.0 54360.2 54360.0 54360.6 54360.6 54360.2 54360.6
INST17 P/W 54358.0 54358.2 54358.0 54360.0 54360.2 54359.6 54360.2 54359.4
RANDOM 54358.0 54357.6 54357.6 54357.8 54358.4 54358.6 54359.2 54359.8
LP 60466.6 60467.0 60466.6 60466.8 60466.4 60466.0 60467.0 60466.8
INST18 P/W 60463.8 60463.2 60463.4 60465.0 60465.0 60466.8 60466.0 60465.4
RANDOM 60461.4 60461.6 60462.0 60463.8 60463.8 60465.0 60465.2 60465.6
P 64931.4 64931.4 64930.6 64931 .2 64930.4 64930.4 64930.8 64931.4
INST19 P/W 64928.4 64928.4 64930.2 64932.0 64930.2 64931.0 64930.2 64931.0
RANDOM 64927.0 64927 2 64927 .8 64927 .8 64928.6 64929.6 64930.2 64930.8
LP 75617.0 75615.0 75614.4 75615.0 75615.0 75614.0 75614.2 75614.2
INST20 P/W 75613.8 75613.4 75613.4 75613.8 75614.4 75615.0 75614.4 75614.6
RANDOM 75612.8 75612.8 75613.2 75612.8 75614.2 75613.8 75614.0 75615.2
LP 44280.0 44280.0 44280.4 44280.0 44280.4 44280.0 44280.0 44280.0
INST21 P/W 44280.0 44280.0 44280.0 44280.0 44280.0 44280.4 44280.0 44280.4
RANDOM 44280.0 44280.0 44280.0 44280.4 44280.0 44280.4 44278.4 44280.0
LP 41942 8 41954 .8 41962.0 41978.8 41973.2 41960.0 41960.0 41964 .4
INST22 P/W 41936.8 41950.0 41962.0 41961 .2 41950.0 41962.8 41966.8 41970.0
RANDOM 41936.8 41942.0 41937.6 41946.0 41944 .4 41962.0 41962.4 41968.8
LP 42510.4 42540.0 425712 42588.8 42580.0 42537 .6 42540.4 42551 .6
INST23 P/W 42509.6 42542.0 42552.0 42520.8 42529.2 42544 .4 42555.2 42551 .6
RANDOM 42512.8 42523.2 42519.6 42514.4 42538.8 42540.8 42554 .4 42554 .4
LP 41878.0 41915.6 41948.4 41923.2 41922 8 41920.4 41935.2 41937.6
INST24 P/W 41870.0 41942 8 41927.2 41944 .8 41897.2 41890.0 41916.0 41930.4
RANDOM 41868.8 41869.6 41875.6 41883.2 41888.8 41927.2 41916.8 41923.2
LP 441571.8 44150.8 44147 .6 44143.6 441446 44149.4 44150.0 44150.4
INST25 P/W 44139.2 44139.6 44140.4 44148.6 44148.6 44149 6 44150.8 44151 .4
RANDOM 44138.6 44142.0 44143.0 441446 44142.6 44144.0 44147 .4 44151 .4
LP 44878.0 44870.6 44871 2 44873.8 44872.0 44869.6 44871 .4 44870.8
INST26 P/W 44859.4 44853.4 44864 .6 44861.4 44870.2 44875.4 448716 44876.4
RANDOM 44858.8 44859.6 44860.8 44862.4 44865.0 44874.0 44870.0 44869.8
P 87619.2 87620.0 87620.0 87616.8 87624.0 87618.0 87619.6 87617.6
INST27 P/W 87616.0 87618.8 87622.0 87618.4 87622.0 87620.4 87621.2 87624.8
RANDOM 87618.8 87616.0 87617.6 87618.0 87621.6 87620.4 87624.4 87621.6
LP 134634.4 | 134639.0 | 134642.4 | 134647.2 | 134648.4 | 134630.4 | 134635.6 | 134638.4
INST28 P/W 134630.4 | 134640.8 | 134629.2 | 134640.4 | 134638.4 | 134635.2 | 134638.0 | 134640.8
RANDOM | 134629.2 | 134630.8 | 134630.8 | 134632.8 | 134633.2 | 134636.4 | 134639.2 | 1346452
LP 1792216 | 179217.2 | 179218.8 | 179226.4 | 179223.2 | 179214.4 | 179221.2 | 179217.6
INST29 P/W 1792172 | 179220.8 | 179215.6 | 179221.2 | 179222.0 | 179223.2 | 179222.4 | 179223.2
RANDOM | 179214.4 | 179214.4 | 179216.4 | 179222.4 | 179216.8 | 179220.4 | 179222.0 | 179223.6
LP 214206.4 | 214220.0 | 214216.4 | 214227.6 | 214220.4 | 214198.8 | 214206.0 | 214209.2
INST30 P/W 2141952 | 214204.0 | 214201.6 | 214205.2 | 214213.2 | 214214.0 | 214217.6 | 214215.6
RANDOM | 214187.6 | 214194.0 | 214196.0 | 214205.6 | 214209.2 | 214210.4 | 214213.6 | 214222.8
LP 1893913.2 | 1894080.4 | 1894147.4 | 1894178.2 | 1894149.4 | 1894036.4 | 1894068.0 | 1894084.4
Sum P/W 1893816.8 | 1893952.6 | 1893985.6 | 1894010.2 | 1893998.8 | 1894040.6 | 1894085.4 | 1894109.4
RANDOM | 1893770.2 | 1893795.0 | 1893815.2 | 1893861.0 | 1893901.2 | 1894018.2 | 18940452 | 1894095.6
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Table 4. Comparison with Other Methods

Shojaei | Chen Gao IPbLS(LP)

Data IP
[7] [8] [9] Average Best

107 24592 | 24502 | 24595 | 24595 | 24593.6 | 24595

108 36894 | 36894 | 36894 | 36893 | 36892.4 386895

109 49185 | 49185 | 49185 | 49187 | 49183.0 49186

110 61474 | 61471 61478 | 61479 61479.0 61480

111 73784 | 73784 | 73791 73791 73789.6 73792

112 86090 | 86091 | 86095 | 86094 | 86093.6 86097

113 98439 | 98445 | 98445 | 98443 | 98441.0 98444

INSTO1 | 10738 | 10738 | 10738 | 10738 | 10738.0 | 10738

INSTO2 | 13598 | 13598 | 13598 | 13598 | 13598.0 | 13598

INSTO3 | 10945 | 10955 | 10949 | 10952 | 10952.6 | 10955

INST04 | 14452 | 14452 | 14456 | 14456 | 14453.6 14456

INSTO5 | 17059 | 17059 | 17061 17061 17060.4 17063

INSTO6 | 16838 | 16835 | 16840 | 16843 | 16838.4 16842

INSTO7 | 16440 | 16440 | 16444 | 16442 16440.8 16442

INST08 | 17509 | 17511 17514 | 17521 17517.0 17524

INST09 | 17761 17761 17763 | 17763 17763.2 17766

INST10 | 19314 | 19320 | 19320 | 19320 | 19319.6 | 19320

INST11 | 19437 | 19446 | 19449 | 19446 | 19444.8 19449

INST12 | 21738 | 21738 | 21741 21742 21740.0 21741

INST13 | 21578 | 21580 | 21580 | 21580 | 21577.4 21578

INST14 | 32872 | 32874 | 32875 | 32873 | 32873.2 | 32875

INST15 | 39160 | 39162 | 39163 | 39163 | 39164.4 39165

INST16 | 43363 | 43366 | 43367 | 43367 | 43365.8 | 43366

INST17 | 54360 | 54361 | 54363 | 54363 | 54360.8 | 54362

INST18 | 60466 | 60467 | 60467 | 60469 | 60467.0 | 60467

INST19 | 64930 | 64932 | 64932 | 64933 | 64931.4 | 64932

INST20 | 75613 | 75615 | 75616 | 75616 | 75617.0 75619

INST21 | 44268 | 44270 | 44280 | 44284 | 44280.4 44282

INST22 | 41994 | 41976 | 41976 | 41964 | 41978.8 42000

INST23 | 42538 | 42562 | 42584 | 42536 | 42588.8 42600

INST24 | 41916 | 41918 | 41918 | 41998 | 41948.4 41972

INST25 | 44156 | 44156 | 44159 | 44156 | 44151.8 | 44159

INST26 | 44878 | 44869 | 44879 | 44869 | 44878.0 44893

INST27 | 87618 | 87616 | 87630 | 87634 | 87624.0 87630

INST28 | 134648 | 134634 | 134648 | 134654 | 134648.4 | 134654

INST29 | 179216 | 179206 | 179228 | 179222 | 179226.4 | 179230

INST30 | 214222 | 214198 | 214230 | 214242 | 214227.6 | 214232

Sum |1894083|1894077|1894251|1894287|1894178.2| 1894399
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V. Conclusions
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