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[Abstract]

Recentlly neural network approach for solving a singular perturbed integro-differential boundary value
problem have been researched. Especially the model of the feed-forward neural network to be trained
by the back propagation algorithm with various learning algorithms were theoretically substantiated, and
neural network models such as deep learning, transfer learning, federated learning are very rapidly
evolving. The purpose of this paper is to study the approaching method for developing a neural
network model with high accuracy and speed for solving singular perturbed problem along with
asymptotic methods. In this paper, we propose a method that the simulation for the difference between
result value of singular perturbed problem and unperturbed problem by using neural network approach
equation. Also, we showed the efficiency of the neural network approach. As a result, the contribution
of this paper is to show the possibility of simple neural network approach for singular perturbed

problem solution efficiently.

» Key words: Neural Network, Back Propagation, Singular Perturbed Problems,
Integro-differential Boundary Value Problems, Training Algorithm
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I. Introduction
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=9 ARQ] Shar(higher derivatives), sf# @ x=71o] %t
U7l 4x(small parameter)o]] 2]EsH= Zio] S74J0]
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II. Related Work
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III. Proposed Method

1. Mathematical Model Description
A 2710] Q= =4(derivatives)o|A] A2 U7
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1.1 Problem Statement
5ol uet njAE A 2AE

Hrlog e WAt

3xF A% 0]RE

O.
2l

Ly= €y" +eAlt)y"+Blt)y' + Clt)y = (1)
= x) {J} (z,€)|dz,
= F(t +f0§0[f( t, )|d
y(t,e) : y(0,6) =, y'(0,6)= 6, y(1,e)=17 (2)
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1.2 Fundamental Solution System
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1+ A+ Bt)p+eCt) =0 © 37t 8ot A 478H E¥/d(degenerative) 0JE
A sz R ot B el A 24
AB)oll 20 A0S s A101e A 4k, o= elio] 271 AZehl ofe 71 goPt UEd.

pltye) = plt)+ep (t)+ ... 9 Y A= AS T ARHEst] A ol EAT
(), 0+ A ) @)+ (homogeneous) =it wAAIE] A(la A2 of=
B @)+ egn 1)+ )+ £C(1) = e Fatee Pk 3wl YRl JKiol 4

(10) 25t ofj(exact solution)?t 2AMR]  Sl(approximate

9] OWIRY AF(degree)9} BE ALz uE Al(3)g  Solution)o] AtolS FGSHA| =, TAR|C) BHeS 24

A 2 Utk py (). (1) Ol 5] 2] W2l Hojr B & A,

2. Neural Network Approach

2.1 Theoretical Basis

S0l ust ZAeH Al vlwg gt 2
A= q& Fig. 1;;_} 71'0] }\—ID:ISP A olq Eo]}\-] _E/_a} -
yi(t’g) . Atz (yio(t) n eyio(t) +...), (11) 7\]‘2 OHHOPI r]OH _'_01-7(4 Enﬂo 7(4_9_5}13:] 111;(1 Em]o
us(t6) = o) + epo() +.oy i = 1,2 st $ ARRS oh v, AjElege 2uS mak
29| npfisg MY goeA WY S ool

o] A(11)S Al6)o] TiUstT 9] OBIA| Rlpot Wiy ord R AlGel2 2Rl 24 Afolgol.
Aeg AHSHH, i (£), ys (), i = 1,2 Alpol] sl of
< A(12)ek A(13)} 22 wAIE Tl Hoth Prediction modef
! : wablyla“lct “
E Singuiar MOUe Calcuation N i
(202 (£)+ A (), (0)y' sy () + By (s (1) + (12) || petubea | Network
A () + C)y, () =0,y (0)=1,i=1,2 Farmetes e of
B(t)y/go (t)+ C(t)ygo (t): 0 Yio (0) -1 (13) Fig. 1. Singular perturbed problem and neural network

W meAN, Au Ao /e
A : 5 (R 1
2R 7(Schlesinger), W33 I(Birkhoff), Lofd= o) (unit)o.2 —_r“éﬂ(ﬂ olom] A8 x|AlS EAs]T

(Noailon)[10, 1]} o]l ojgh 22 cof meh g A Z71 Xale 95| AlAs]2uo] =AM s A ofA]
(14)°] ATHA wr]e SArG7A6)9] sfol digt 712 Hoy oH 3}7401];\1 N7As|2uro 2 Sojrte AL E
Naglol @k & TRT T WA Aot g gooixop ols) ARl AAsZY] RS KA
transitions) Y £ A 3 Z5sb] 9ol M8E AHAC) HERIS WsAIZI0
2H 2=}t A7) 20 nalo] =9 QAL AAAQ}
e =L () 1y vole), (1a) BB RIS MY QUL 2R e M S
) PN D)8 THsE SR ghgoln, 21T Hald 5
oA ReLU7F ARE7 = gt} 2euf RS 9fsl
2 =RolAE SAh ool Z4st A% Aledict
o714 w(t),i=1,2&= 29 B Al(3)o]H, /,\_]733;10} OE’I}E‘“K‘]LJA}‘Q‘QQ; g%;; %.J—}La]%l:j oj}
v (1), i=1,2,3 Al 22 A(12)9F Al(13) 2AQ) o] 9ich A 7}x] 7] 2A01 AlAs| 20} o |EA 7} 9l

Y (te) = yg(t) + O(e), i =1,2,5=0,2

B 1w v O - M

sH(solution)olt}. &, y(t,e)= wAIE Bosk= A A ¢, o ¢ o5 mjo-nYc YEYT, 2HUE o]
(1)t A(2)9] a7t = vk 22 <jujo]ot. %] Solch, 2Uso] Axj= A7PH0l AHA AR oI5t
M HE Golo] FF oflolM, L] AR 2Rl n2lo] AeAtg 259 ZINF|E AFS S} 7 EX
A A 8ol9 7] Fi(initial jump)Ptil 22  AZo] nE Loyl o AZ0 WE Lco| dA= O
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Fig. 2. Neural network structure

2.2 Proposed Neural Network Approach

ol ol Sold wa BAIS slZel] gt A%
32g B2 WS Agote Ao AAZ Hstel &
OF1 A} Sit.

2 ARdie AAA B 0P Soly 2
njReae) ols 93t Ael ey ’S%‘ﬂ |
gt Bpeby] A14-17)0] )& ste], DR
WAle] £7] 9 AAFAS 71 Sol wak
Zsb) 9iFt Aslzy Rdeo) Yy 252 O
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L
=
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vvvvvvvv ‘ Statement of the original problem ‘

VVVVVV { Representation of an analytical ‘
solution

,,,,,,, ‘ Converting the problem into discrete ‘
NN form
approach

————— ‘ Representation of the trial function ‘

----- ‘ Determination of a trial solution form ‘

VVVVVVV ‘ Definition of the error function to ‘
minimize

»»»»»»» ‘ Gradient calculation ‘

Fig. 3. Proposed neural network approach for
singularity perturbed problem
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LFE Hadiles PRSI 2R AR EY 2
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o714 g Al(19) ol &8st
Ly(t,e)=éey" (ti,8)+8A (t)y, (tie)+
+ B(t, )y’T(t,,e)(t,,8)+ Ct)yr(t,e),

+ EK t/"g) ( )(t,a‘g)
j=0

RT(ti, 3) =

(19)

Q2 AAre zaiwot ojg} 1719] Qlalo WSt Y E

MR- %T(derlvatlve)i zaksict, wepbA o

poll ThSt Q2 7]-87] shHgradient descent)E AHAtsH

7l feide AlEA sl RE EelaS(derivatives)S
< -Qr} QITi{20].

IV. Analysis

8ol Soly 1 2 51
siele A48l 2%
o] sk ol ok A|Ast EA9] sli(solution)= Z|TH
£=0f 7ito] Haydor BAHTH Aol ZRl shet
= vlaslol slo) 082 Foln sisel A
ste 2 =oic} AlAg2uke v Al A 2, 7AA
ZHboundary perturbation)sQ @ AAF @59 A4 A
Ao) BAEa Btste] nelskdl Alds] SPgAlolch
Al7del 21 Wit otA wElg o]8ste] fjoflAf o]
gk o|2A 7|2 E vigeR, Bold ud A9 siE Al
N37] Sletel A=e) sl e HEE At o 5
@ Q058 HOL 4 G0k £ 2452 Fig. 422

vl

Input layer

Hidden layer

Output layer

Fig. 4. Proposed neural network approach for
singular perturbed problem

Zolet.

Aol AR A(2)2 y(t,e)S AHEsHL TH29
Ag, A20)2 TidstA Al(21)Y] AT A A2 4
At

A@)=3,B{t)=2,0(t)=0,F(t) =1, (20)
K,(t,x)=0,K (t,x) =1

1
eZy'”(t,e)nL?)ey” (t,e)+2y'(t,e) =1+/ y' (z,e)dx
0

(21)

SAE A2 71 Sli(solution) AlARLE THEO)

Pz TgEololctn JPgstat

t 2t

yte)=e, yylt,)=e , yylt,e)=1 (22)

X(22)2 Sod Lt 24 A1) of A HEsto] 7]

2e“ —e ¢ —1
ylt,e)= —F—5—+1 (23)
2e“ —e —1

Table 12 Eo|A Wzt BA0)A 7F} £Q35t o745
e=10"" B0} R7F 2 of Au} gho] oh2A| yeht
o, =10 %= 10 "B} 57t A2 o Aets)
AT R] 9F2(unperturbed) 2A]9] sfof 43sH= Zlg
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Table 1. Comparative Results of the influence of a
small parameter e

The solution | The solution L.
to to Singular 2 —cf —1
ylte) = ——F5— +t
tel0,1]| Unperturbed | Perturbed 26% _6%_1
Problem Problem

y(t) =t+1 e=10"" e=10"% e=10"

1 0 1 0 0 0
2 0.1 1.1 0.499612685 1.1 1.1
3 0.2 1.2 0.947712963 1.2 1.2
4 | 03 1.3 1.202986605 1.3 1.3
5 0.4 1.4 1.363791695 14 1.4
6 0.5 15 1.486659092 15 15
7 0.6 1.6 1.595138996 1.6 1.6
8 | 0.7 1.7 1.698267708 1.7 1.7
9 0.8 1.8 1.799419932 1.8 1.8
10| 0.9 1.9 1.899843979 1.9 1.9
11 1 2 2 2 2

V. Conclusions

7] 3fj(solution)
S*Hhomogeneous) 0|2 W7g4]9] 47 (boundary
fUﬂCtiOﬂ)Oﬂ dieh AR mdAlg Al sl EX1t

54, 319} ©3t4(derivatives)Q] B]-ZHAQl of 57—(]
=, J2]1 Eold wEt FAI9F wHEX] ke Ex

(unperturbed problem)?] afje] ZAupx] Afojof gt Al
o] d e AAsHCE

A28,

Soly @3 2AIZ SH2T O 22 BE P3N A
ol &4, AA oJo2 sixjo] e, ojst U Jlet Y3t B
ofo} =74 BAlol chet A AT AR 2R A
B 2 Sl 2 el JINTE B olef ok
S8 TFsSleg shir] ARRYR A7t 98U
FYote 7|2 Tek Holch,

SFS 22]A mEA|AQ] 45hH gdlo] Xskdt R A
shde oIVl st £ LuEe Heg viagesw
W 2AFA AERY 2] AA HEste AT1E 4
¥ ol ok A2 izt 00] Ei= Gl 31|
w20 Zofl 2RHE BAlQ] H2YA ol ofst A

S 74 RlsYstalat ety

ACKNOWLEDGEMENT

The present research has been conducted by
the Research Grant of Seoil University in 2020.

REFERENCES

[1] J. K. Hunter, “Asymptotic Analysis and Singlular Perturbation
Theory,” Dept. of Mathematics, Univ. of California at Davis, Feb.
2004.

[2] T. Watkins, “Perturbation Analysis: Regular and Singular,” San
Jose State University, https://www.sjsu.edu/faculty/watkins/pertur
bregsing.htm

[3] A. B. Vasilyeva, V. E. Butuzov, “Asymptotic Methods in the
Theory of Singular Perturbations,” Moskow: Visshaya shkola,
1990.

[4] A. M. Zhumanazarova, YICho, “Asymptotic Convergence of the
Solution of a Singularly Perturbed Integro-Differential Boundary
Value Problem,” Mathematics, vol.8, Switzerl.: MDPI, pp.1-17,
Feb. 2020.

[5] F. Wassermann,
Practice,” Mir, Moscow, 1992.

[6] A. B. Vasilyeva, V. F. Butuzov, “Asymptotic methods in the theory
of singular perturbations,” Visshaya shkola, Moscow, 1990.

[71 A. Kh. Nayfe, “Perturbation methods,” Mir, Moscow, 1976.

[8] K. A. Kasymov, “Singularly perturbed boundary value problems

“Neurocomputer Techniques: Theory and

with initial jumps,” Sanat, Almaty, 1997.

[9]1 M. L Vishik, L. A. Lyusternik, “On the initial jump for nonlinear
differential equations con-taining a small parameter,” Doklady
Akademi Nauk SSSR no.132, vol.6, pp.1242-1245, 1960.



76  Journal of The Korea Society of Computer and Information

[10] M. I. Imanaliev, “Asymptotic methods in the theory of singularly
perturbed integro-differen-tial systems,” Ilim, Frunze, 1972.
[11] S. A. Lomov, “Introduction to the General Theory of Singular

Perturbations,” Nauka: Moscow, Russia, 1981.

[12] A. Zhumanazarova, YICho, “Asymptotic convergence of the
solution of a singularly perturbed integro-differential boundary
value problem,” Mathematics, Aug. 2020.

[13] P. E. Gill, W. Murray and M. H. Wright, “Practical Optimization,”
London, Academic Press Inc., 1981.

[14] D. A. Tursunov, K. G. Kozhobekov, “Asymptotics of the solution
of singularly perturbed differential equations with a fractional
turning point,” Izv. Irk.Gos.Univ. 21, 108-121. Jan. 2017.

[15] L. N. M. Tawfiq and K. M. M. Al-Abrahemee, “Design Neural
Network to Solve Singular Pertubation Problems,” J. of Applied
& Computational Mathematics, vol.3, US: OMICS Int., pp.1-5,
Mar. 2014.

[16] L. N. M. Tawfiq and Kh. Mohammed, “Design Collocation Neural
Network to Solve Singular Perturbed Problems with Initial
Conditions,” Inter. J. of Modern Engineering Sciences, vol.3,
USA: Modern Scientific Press, pp.29-38, May 2014.

[17] E. A. Hussain and N. S. M. Al-Saif, “Design Feed Forward Neural
Network for Solving Two Dimension Singularly Perturbed
Integro-Differential and Integral Equation,” Inter. J. of Applied
Mathematical Research, wvol.2, UAE: Sci.Publish. Corp.,
pp-134-139, 2013.

[18] D. Nurgabyl, “Asymptotic estimates for the solution of a
restoration problem with initial jump,” J. Appl. Math. pp.1~-11.
2014.

[19] K. A. Kasymov, M. K. Dauylbaev, “On the estimation of solutions
of the Cauchy problem with an initial jump of any order for linear
singularly perturbed integro-differential equations,” Differ. Equ.
35, pp.822-830, 1999.

[20] S. Chakraverty, S. Mall, “Artificial Neural Networks for Engineers
and Scientists: Solving Ordinary Differential Equations,” Boca
Raton:CRC Press, 2017.

Authors

Jee-Hyun Kim received a Doctor of Computer
Science and M.B.A degree in the Information
Management from Dankook University, Korea,
in 2004 and 1994, respectively. Her B.S

degree in Mathematics from Ewha Womans

University in 1978. She is a professor at Seoil University.
She is interested in Web  Engineering, Information

Management, Big data, Al etc.

Young-Im Cho received her B.S., M.Sc., and
Ph.D from the Department of Computer
Science, Korea University, Korea, in 1988,
1990 and 1994, respectively. She is a

professor at Gachon University.

W

Her research interest includes AI, Big data, information

retrieval, smart city etc.



