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[Abstract]

In this paper, a new approach to solve the constrained dynamic programming is proposed by using the
constraint programming. While the conventional dynamic programming scheme has the state space
augmented with states on constraints, this approach, without state augmentation, represents states of
constraints as domains in a contraining programming solver. It has a hybrid computational mechanism in
its computation by combining solving the Bellman equation in the dynamic programming framework and
exploiting the propagation and inference methods of the constraint programming. In order to portray the
differences of the two approaches, this paper solves a simple version of the long-term car rental financing
problem. In the conventional scheme, data structures for state on constraints are designed, and a simple
inference borrowed from the constraint programming is used to the reduction of violation of constraints
because no inference risks failure of a solution. In the hybrid approach, the architecture of interface of
the dynamic programming solution method and the constraint programming solution method is shown. It

finally discusses the advantages of the proposed method with the conventional method.
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I. Introduction
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II. The problem model and its
simplification

1. Definition of the problem
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Table 1. Symbols in the model

time (month)

the lead time till the car delivery to a customer
a financing firm

the type of a rent car

the horizon of planning

the number of financing firms

the number of kinds of rental

contract period

the number of purchased cars of the kind g using
the fund from c at time t (integer variable)
revenue from the type g at time t
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the interest payment during period h

the purchasing price of type g at time t

the interest rate of type g for the fund c at time t
PR,,.Q the resale price of type g at time t

the tax reduction of type g

the inventory cost of type g at time t

t.g
Df p the demand for type g at time t
p a computational factor (=max{1, t-h+1})
C'L"'" the loan limit of fund c at time t
M the capacity of inventory for cars
le tax rate
o the rate of prepayment in contracts (=0.2)
b the rate of cash back from financing firms (=0.2)
Sg the salvage rate for type g after the end of contract
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2. Model simplification and constraint satisfaction
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3. Methods in the DP framework
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Algorithm: ByState
for t€ {1,2,..., T} do
for 86{0,1,...aDmax} do
v, p « Bellman(t, s)
Vi(s)- v
pred(t,s)- p
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4. A method using CP
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G2olc. 5 AoplS UEsH ARUlsaE olze W & 2elo] Alsjel IPoIA, satisfiabled oAl A
A% a,,, 0 o] AojE D= EAfsl7] Tiolcy. B A2 WE 2 Aok WAZ sl Wi o
& APl TAA 4 9l 2ES AT oS 5
Algorithm 1: main ERAAEY 2o T=3, G=2, C=4, D=2 0]
; for t€{1,2,..., T} do 7. &Ax] AMo] t=7 olztm  skp 1
(t,g,c) ~ convert ¢ (t,g,c): (1,2,3) 7} ¢t =7 o st 57: 191 74
3 for 86{0’1""’D£,§ do o = }\}':.7 —— - i
4 v,pe Bellman(t,s); T V7(1)E ALtsz] sl 38s ag =5 =2 & 1 i5t
5 V(8,)- v AL, AJE S = 2 0] B 2PI7HA] HERE g Alofl A Al
6 pred(S,)- p: S, =8,=8=1,8=2 S=1 2 A% Ao=
7 d = r =
I Vsl WAL o] Ao DAL ke 5, o 5, of 31
7 s*- arg maxg (Sy); st wigol] Ofel] @y, =1 T @y ,, =2 0]1, o] A
N e, o] AlepA I T2y Lol £71€c). TiH Suj 1
Trec - 5 Aloplee 2Pl So] 417} 2k Aokle r}g
12 pe pred(Sy): 7ro] =t
13 _
14 or tAEA{T L..,0F do z,9,€10,1,2}, z,,,£{0,1,2},
5 (taQaC) ‘—_ convert t; .’E172736{0,1,2}, .’E17274E{0,1,2}
T~ ~
16 b (_) X900 T Xy 00 TXy 03T X104 =2
« pred ;
17 endp P P Tyoq =1, Ty py =2
18 retun v¥,z%; MOPAER Iy el F2E B 24 wWipEd] £
QS Eofitth. 22ju A= A|2fA] eHihHol s
Algorithm 2: Bellman(t,s) SIS dom(xy ,3)= @ T dom(z,,,)=0 2 F&
1 i = - - -
i£¢=0 then gk, oSt 9ix] obRIet 27k A9 1y, = 13t
2 pred(s)«— —1; 02,
3 return C(s,—1),— 1; Ti,,=201 9} F ®¥eE  z,.e{1}%
4 end _
SEVAE =AE T % FJIOFA]
5 A Action(t,s) T1,2,2 {2} A = | 2FA]
6 if A= @ then 1+2421 531t x1904= 20]A] W4 551,2,33} 551,2,49]
7 reum —e L Sojolo] gl of ZHE AOpAS BHEAZIA Rolo] &
en 21— =
9 a*- argmax,c4{Cls.a)+ Vi (s.a)} wIRlelA ApA=lol F ATol S Eel sofuidnt. ol
10 v*- C(s,a)+ V,_,(s,a) B0l ag = 20] A&t 50| opd S & & AL, Lopr}

11

* *
return v ,a

Algorithm 3: Action(t, s)

1
2
3
4
5
6
7
8

A -2
for aE{O,,,,,D} do
pth « tracing back from S,_; = a;
If Satisfiable(t,s,pth) then
A< Avu {a}
end
end
return A:

Algorithm 4:Satis fiable (t,s,pth)

1

2
3

add value-fixing constraints to the CP solver
using pth;

call the CP solver and propagate:

return no empty sets in domains;
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:— use_module(library(clpfd)).

constraint(0, 0, [XO0, X1, X2, X3, X4, X5, X6, X7, X8, X9]) :-
[X0, X1, X2, X3, X4, X5, X6, X7, X8, X9] ins 0..13,
sum([X0, X1, X2, X3, X4, X5, X6, X7, X8, X9], #=, 13),
label([XO0, X1, X2, X3, X4, X5, X6, X7, X8, X9]).
constraint(0, 1, [X10, X11, X12, X13, X14, X15, X16, X17, X18, X19]) :-
[X10, X11, X12, X13, X14, X15, X16, X17, X18, X19] ins 0..2,
sum([X10, X11, X12, X13, X14, X15, X16, X17, X18, X19], #=, 2),
label([X10, X11, X12, X13, X14, X15, X16, X17, X18, X19D.
constraint(0, 2, [X20, X21, X22, X23, X24, X25, X26, X27, X28, X29]) :-
[X20, X21, X22, X23, X24, X25, X26, X27, X28, X29] ins 0..2,
sum([X20, X21, X22, X23, X24, X25, X26, X27, X28, X29], #=, 2),
label([X20, X21, X22, X23, X24, X25, X26, X27, X28, X29D.
constraint(0, 3, [X30, X31, X32, X33, X34, X35, X36, X37, X38, X39]) :-
[X30, X31, X32, X33, X34, X35, X36, X37, X38, X39] ins 0..6,
sum([X30, X31, X32, X33, X34, X35, X36, X37, X38, X39], #=, 6),
label([X30, X31, X32, X33, X34, X35, X36, X37, X38, X39D.

Fig. 1. An example of constraint definition for the constraint programming

ol ol AR Yol wolE SRS
B8] Satifiable §H420] J5f] 3% 1 o= Aokl

289 S oA sjZo] RS AXN 1 At =A
AW 2oz dolozy Akto] Rt

5. Computation and discussion

Aok ®HE0] FukE vlwshy] f1slA, AA| tlolg
£ 7I8te g SAR919] Hlol& 7} A E|Qict AA HlolE
oM Aol Ao 972 17010]7] dizoll Hlo]&l]
A g 02 17410]9) S 71l FERES 5
AAFEIAT. AFSANS] A1 72 H2HREAo A 1914
ARk AlololA] PElgiry. @l vlg-S Autsl7] 9
ol ole}ge 5-20%AololN DARlR APYRcE 2
Hlg- AR AloF g Aozt 2 e Zlolch

o]olzto] BAto] 2 UFE0jR] Ol AE A0 Th3| QF Ao
A AAGE PR daelso] igt 2eg Ldsiolch
WAl ByStater= 541 AR dEl 31+ gsto] Al

OFA9] Bt HHIE AR =M TAE R AH S
& 0|83l No-goodg A/dToam Aetrlg Wﬂﬁ =
FEo]1, ByPath+= ByState@} OF:7FA] No-g
A AekAle] 27 AEE KAMSE Qlo] o]ﬁ CHA o]
]’\}5‘ “:V\EJ W2 ol&3l Aol = BHS AN

e w =2

Q1 7igo] ik ©A AlepA e aer)o] 71y Tt
2291 4 (bound consistency)S 0] FI1A]
e AEstich

DP scheme PySwip Prolog /FD

| feasibility +—> }— invocation
T

| a.ctionsl Idoma.in sets I I_ﬁ{}l\-'eCI"|
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Table 2. Comparison of computation times

(7, G, C) Dy .« Size ByState ByPath ByCP
20,5,5 10 5000 0.1361  7.2501 19.8921
0.1355 7.3214 19.9183
0.1359  7.3566 19.9411
0.1358  7.3425 19.9175
0.1455 7.4693 19.8976
30,5,5 10 7500 0.2155 188287 37.3533
0.2216 188232 37.4764
0.2207 19.0221 37.4142
0.2203 19.1860 37.4815
0.2139 19.1654 37.5396
40,5,5 10 10000 0.3047 36.9679 59.2711
0.3052 374027 59.3312
0.3125 375194 59.2787
0.3048 375880 59.3237
0.3059 374161 59.2680
50,5,5 10 12500 0.3716 59.8460 82.5413
0.3744  60.3836 82.9630
0.3748 613037 83.2753
0.3738 618591 82.6510
0.3754 60.6192 82.4793
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7Wddgol7] wizoltt. Aelet ARE 7He] s HAlE L
25t O, ©] ByStater= A7t ol 2745 LAlshe
o) Be B3 w2 A Ak AdH WY
8w o] Eatsiy AlRA 2o 4 Qlot. olek= it
Ao g ByPath} ByCP+= Ul T Het W7 A9 Alkbo]|
A e she gg 51 7iE S5l =& "ot
E o] oA Z2 Atk FESIA Albtshe F2ol
AstaL, ol AARCZ ALt ARe SV

ByPath@} ByCP-S H|wstH, ByCP+= ByPatho] H|sj
2714 27MAQ1 dqlkg Ha e fit & Wy BE o]
JEQ e AAstE A2 LSRR Ad7Ess &
71 ER1of oEHofA Ao]7t Q. ByPathi= A|9FAl9]
o] sigsts 2= 7k, olF $¥9 mIAlL
v]wstt}, ByCP o] vlul apdof AlofAlmg Tl &
S o] &3t UA Alkbe B das o Ak5 ot
E]7] gizofl, AATA9 F717F ARl Wb AlLtARRE
> HAg8ez F71& 4 Qloh SHA|SE ByPath 2F

ByCP= &5 i 3ol Afolg 71t ByPath &
ByState o] A=z RICjZ =do] Q= WYRoltt. =
ByState - AlME £017] sl Z& Akte] 2HE
mlzafo] Agsts Yol ByPath = AEHE
20)7] Y3l B SIS oAl Aktste Zloloh A
2 Sl 7100l F7HARI 7ol ot mlee] Ak
= oSt ARt RS 2ottt 2Ale o 5t
Wt o] Boke g2 ES ARShe Mol met A
o] AR gRrioz FAARY S ARdshe
Ao % tito] A1 4ot U7 miEo] o2e
AHES ARStel At Ak
5 W0 ByState7t URH
o 2ajof] Bact glojEe] AgZ fet told
AE eIt ByCPe Al =2 IS ARESH | o
woll A2 Aol diet =7t FD &ufof] A==
202 & 4 ok dM=ME ByCP 3=rt st
ARl T2 sHA] et FHol QAL of7ds] s AsHof
st W2 olpsol EAsHL lof o W Aot di
2] 5oll tieh 7ol East Aol

Fig. 32 o] AR 22539 AR Bo%
1 Qlch. Table 2 of|M Hol& SAHS Fdtsto] 2Al9
3710 ThE FtARl ARIARIo] ofgA Welsh=AlS
Bogo A9 7] ¥ 2 SRt AT
ARIAR I 2Aget HRA S 2k A2 Ao 29 S710]
ot 2o =t ByStatex wA19 2717t S71H= Al
AR et glot FAs] AJESte] el T
AR §7k= 79 Djojsp] miEo|ct. Wi ByPath
@ ByCP+= A|eFA 9] S7tol| wet ARt Algto] S7Hit.
T3] A BN | W2 ¥ o W2 Al
= AR Hsh ol BA9] WSS o Wol A=
3L olE ol&s o ol 4 ARrE sl ol
ByPath ¢} ByCP & H|wstd A S7F 2= 7

1 =2

B o

ol

o Zohe 212 & 4 Qe TA] Ao e 12y L)
Lo 3E 2ue @) ol o we Aue mae

spluhzol ByCPe] ARt Alzto] o Brhe e 44 9
o}, 20l22 e 1 AR AZte] Aol7} BAle] 271}
Z7Vatol thet Z71sHA] L Ao Aol e Hew
#ab} QIrke Zlolt}. ol o 7t YeHS WAl
9 AZIEY) A A7tz A 4 9leg ojujsitty

s 4 9k

ad
U



An Approach of Solving the Constrained Dynamic Programming -
an Application to the Long-Term Car Rental Financing Problem 41

g1 —
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Fig. 3. The relationship of size and computational time
(ByCP, ByPath and ByState from top to bottom)
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