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[Abstract]

Lots of tasks including physical systems modeling, chemical reaction prediction, and relation

extraction

require dealing with higher-order relations. Graph neural networks (GNNs) are favorite models

for relational data but they have inherent limits due to their focus on pairwise relationships. Topological

data analysis (TDA) provides insight into the "shape" of data (or underlying data topology). TDA aims

to infer information about data manifold such as connectivity and offers higher-dimensional analog of

graphs. Topological deep learning (TDL) combines various deep learning techniques with TDA. TDL

enables

low-dimen

us

through such as

sional embedding and attention. In this paper, we summarize recent achievements especially

to formulate simplicial complex and cell complex techniques

on simplicial complex and cell complex. We also provide succinct descriptions of related concepts.

» Key words: TDL(Topological Deep Learning), TDA(Topological Data Analysis), Simplicial complex,

> Z3of:

Cell complex, Computational topology
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I. Introduction
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Networks and Message Passing!)

golAe 58 719950] oolg Hegstn, Al
Y| 712 FA WYL TP BYele] EBeA
HEY 9] 24 A7 Hate] ofsfol Bzt 7I3t A|
Agstust g,

I

o> dr o
to al

oH
oll

1. Important Keywords
EZ2x] 37Htopological space) (X,0(X))2 3t

=BT |

X9 X9 @E Allopen set)oletil 229+ X9 Hi
ATE9 AAAH 0(X) 2 /35 oh9] 218 THEsH
o (1) AL X= o(X)o &3} (2) 2= A9
9]

U, = X)7t p2} o](neighborhood) & #4g3tct.

TR 23R (simplicial complex) K+ =& Ag V9
SAYo] ofd FRAYY RZor 439 e W&
stk (1) K= VJ nE 3t d’\(smgleton) BEAS
=8}

=2 k- E&‘lﬂh_ 5to, & —

2} 2o} Ao RIS é%‘ 2 oIt} k—TAI7L
ZoIRE o 7157t kQl HEAYS H(face), k—TAE
AR 7he) (k+1)—TAIE T 2—TA2
5 H(coface)o]2tal st}

Al B3h(cell complex)= AS0] @240l &xIst
(disjoint union)Q &2 AT EZ2X] Z7tolch A A
Bkl Mo| Alojg] EZ2x] 2702 t}.80o] AAlL o}
3k (1) ZE 0, 0] tfsto] XN X, = =X, < X,.
o714 X, &= A X o A & Jujgtct (2) 2E Al
X, B nof tisted k"2 945 (homeomorphic)©]
th (3) 2E o= Pyoll Tisto] R™79] 23l F{closed ball)ol
A X, 29] =& A (homeomorphism) ¢7} ZA)&t
o} 9714 2Rl 59 YiFoll tish ¢ 2 AlHrestriction)
X oﬂ l:Hé]— 14/\}503;\}/\}0](* }\ﬂg Lo :LS L= ﬂﬂ J—‘%

A JUlo}D% 27\ (2SIl e Y] 4ot AL A
o 22 UAl A 5482 2=t =Rl HlolH e A
ool 4o BREhd], o2 Sof hi'e TNNY ¢

W) ol Exjote

N

Hi

HAl SAIRE A SANM £ — *74131 E(skeleton) S
A 0 Fall

Aol 2 oI}, TR BYA Kol k- AES K2
5t OAl % Aol v} AL 22 BE Tl

N
=
L.

Nee YUt A BRI k- AAES A X,

371 ROl 29 AAE0|9)
A S e,
27 Q39 : C (K R)—Cy . (KR),

operator)2 °83tof S Her & gl ak% A1

_~
rO
of,
18
fujo
)
Ei
D:
(1=
O
=
2
i
1
ox
é
ol
oll
l‘l[‘
Hi
e
nel

1) 1% 28 yge

[4101M GE IS5 G AY.



A Review of Topological Deep Learning Focused on Simplicial Complex and Cell Complex 99

Cy(K,R) 82 C = LS A= ok HE Ano]Az
3F k E&Kﬂ(orlented k—simplex, =E9] A7} HA|
HAIE YU E M= 2=t E3, ol HE Amo]A
Alelofe} gt} C, 7} FolAR 7]
AA1E chgat o] BUT 4

OIA

=L =
ok HAE £

o &8st 37 o

0 A r_Hl do
<

s Ty

k
9y, (Vgs -y 0p) Z Vg e Vg wees0y). 737 HAIRE

of oA 7, 0,7 HIAIEINSS oItk 37 i}
£ (0, 0100,)8) 7S TBLE WOl B AL
N QAL 3, W B, 2 BAL 4 ] B,
(k= 1)-E]0]) 7]41s1o] QIHAS Hofs} B,
-SR] 719Kstof QIElAg Sofai,

1o
g

2. Message passing

HIAA] o (message passing)> TNNO| /914 50
Al o] 20X = ALtE st Aoz (1) HIAA], (2) o]
U E3H(within-neighborhood aggregation), (3) o]%t
E3Hbetween-neighborhood aggregation), (4) 734l
(update)9] THA|Z L/JHct.

HAJR] 4 MNkE o] gste] A 0] A yolA] ¥

dIAR S

>~4

vl A xR AgEe
L =My (" 0 2 m@GICE 7] 6
£ HElES ulste, N, (z)& A 29 ol%olck
OAIRIZE A N, (2)] 431 2E A2 yolx2] o
ARZE SYE] 0% W B3 IAIA] w7t AR
o ol W £ UAAIE e IR et 2t
(B¢ Aol AGGE  EgAMe o))

mirxﬁr) :AGGyEN my:;r .

IR g 2051 A 2] 54 hEg st
A SOOI BN Us B g4s oo)
)

III. Important Results on Simplicial
Complexes and Cell Complexes

1. Hodge Laplacian

SA]-2tEe| ke TR met 2 ol BHQ] WAL 4

=
o
=

4} Q4K RS ARAFE 4TS Fi6-8l. %7
QAR 3,7 AL T, §F k-BAlo] Thstel ol
GIMRLL, :C, —>C 2 k-3 2}=2}A9Hz-Hodge

2 A

Laplacian)ol2tyl st s§EAloz melstH thgat 2
tk L, =B/B, +B, B}, (k=1,..K—1).

k-3A| 2fZefAQtolA BiB, & oFF 2pEefAleh
Ly, = BEBk' Bk+1BE+1§ 5 2SIt
L, =By By 2t sAeIt} k-9A] 2pZapi ot
o] oA By A A4tRF 0,9 FE mFolH,
oy :Cy—>Cy & FEHA AARLZ By = o, o 3
oot SA-2pZtARb] 23 AR 3 EFEA] 1
S(homology group)?] Alito]l AL 4 Ql=H), 32=
Al AF08 A0|Z &2 RL0] 2AME FASIY A4S

] A=K

— 2 Tuw T—
2% ANdES] Jhps FAstel UAl 2R =4

2. Simplicial Complex
Al 71 o]/de] et Aofshs BX *?J HEAE
5 ol MAIR 250 gt 27] 9 z

Bl = °
go] it} UAl 5gAle ez ditelety e 4
et & =es AZsks oX|7} Hlojeto] = (pairwise)
PAE mEske 2ol chaA| A o] ojxIZt wof A
A%0] g P, o] A9 Aol o] AEHE
i

A SeAlet AATE AUT 1) Fofslof & o]
FERiE 4 9ot [10]o]4l+= permutation equivariance,

orientation equivariance, 712]al simplicial awareness
o Al 71| “4g Holatgict. Aue Al 71| gael A

o=2a

J"quﬂj\i % 6} SCNW P :C. *)Cll_ c; EC =2 O]Eﬂo

2 a1 A4S oulste) sl A14%e] metolels 7k
X W ok 7] @A} golct. B B3AS 913t A4%

A Permutation equivarianceZ 21} 7o] Aojst}:



100 Journal of The Korea Society of Computer and Information
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