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Forecasting mortality rate changes in the future is important and necessary for
insurance businesses. An interesting observation is that mortality rates for a few
age groups have improved recently and that other mortality rate risks may exist. |If
the life table constructed from a mortality model, which predicts mortality rates
lower than those actually experienced by the life insurance policy holders, then the
company will face losses from the sales of life insurance contracts.

As a hedging strategy, the insurance company may promote the sale of polices,
such as annuities or pure endowments, to offset the losses from the life insurance
sales. We present a method of hedging mortality rate risks for the development of
endowment policies using the hedge ratios of pure endowment in order to offset
the losses from term life insurance. We also demonstrate a hedging strategy using
the stochastic force of a mortality model, which is resulted from Malliavin calculus.
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I. Introduction

Forecasting mortality rate changes in the future is necessary because mortality rate
improvements pose a challenge for pricing and reserving in life insurance and for the
management of public pension regimes. An interesting observation is that mortality
rates for a few age groups have improved recently, Watts et al.(2006) showed a
statistical analysis of advanced age mortality data, using extreme value models to
quantify the upper tail of the distribution of human life spans. We may also refer to a
few papers, such as Friedland(1998), Gutterman and Vanderhoof(1998),
Tuljapurkar(1998), Rogers(2002), Kang et al.(2006), and Arnold and Sherris(2013),
which discussed the trends in mortality changes and forecasting. Recently,
Wade(2010), and Montambeault and Menard(2010) published papers regarding
mortality projections for social security programs in the United States and Canada.,
They showed tremendous reductions in mortality at all ages for both males and
females,

The same mortality trend can be observed in South Korea, Based on the “Abridged
life table” from the Statistics of Korea(from 1992 to 2011) and the “Calculation results
and methods for the referred mortality rate in life insurance FY2011" from the Korea
Insurance Development Institute, the future mortality rate can be estimated using a
modified exponential growth model. In order for the estimated 2060 mortality rate by
age cohort to converge on the future life table provided by the Statistics of Korea, a
lower limit is imposed in a cohort component method, Table 1, which can be found in
Seo(2013), summarizes the accumulated improvement rate for different age groups of
males from the modified exponential growth model. The accumulated percentage for
the improvement rate of each age group increases with time, but does not evenly
increase by age cohort,

Based on Table 1, we can generally observe that the accumulated improvement
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rates for the estimated male mortality of older age groups are remarkably enhanced.
The age group from 75 to 79 years showed a particularly large improvement, This
finding implies that the expected life expectancy is increasing. However, improvement
rates for the 45 to 54 age groups performed better than those for people from 55 to 60,
It is not easy to infer a specific relationship between attained age and mortality
improvement from these observations, We do not know the exact reasons behind the
recent mortality improvement, but previous studies have cited weather or environmental
changes, advances in medical science, and so on, as the reasons, We also cannot
conjecture a quantitative mortality improvement for the future, We can only make the

observation that mortality rate changes have been experienced in recent years.

(Table 1) Accumulated Improvement Rate for Estimated Male Mortality Rate

(unit: %)
Year age | 40~44 | 45~49 | 50~54 | 55~59 | 60~64 | 65~69 | 70~74 | 75~79
2008 95.1 95.6 95.8 95.6 95.6 96.0 96.6 97.4
2009 90.5 91.5 91.8 91.5 91.4 92,2 93.4 94.9
2010 86.2 87.6 88.0 87.5 87.4 88.6 90.3 92.5
2011 82.1 83.8 84.3 83.8 83.6 85.1 87.4 90.2
2012 78.2 80.2 80.8 80.2 80.1 81.8 84.6 88.0
2013 74.5 76.9 77.5 76.8 76.7 78.7 81.9 85.8
2014 71.1 73.7 74.4 73.6 73.4 75.7 79.3 83.8
2015 67.8 70.6 71.4 70.5 70.4 72.8 76.8 81.8
2016 64.8 67.7 68.5 67.6 67.4 70.1 74.4 79.8
2017 61.9 64,9 65.8 64.8 64,7 67.5 72.2 78.0
2018 59.1 62.3 63.2 62.2 62.0 65.0 70.0 76.2
2019 56.6 59.8 60.7 59.7 59.5 62.7 67.9 74.5
2020 54.1 57.4 58.3 57.3 57.2 60.5 65.9 72.8
2021 51.8 55.2 56.0 55.0 54.9 58.3 64.0 71.2
2022 49.7 53.1 53.9 52.9 52.8 56.3 62.2 69.6
2023 47.6 51.0 51.8 50.8 50.7 54.4 60.5 68.2
2024 45.7 49.1 49.9 48.9 48.8 52.5 58.8 66.7
2025 43.9 47.2 48.0 47.0 47.0 50.8 57.2 65.3
2026 42.2 45.5 46.3 45.3 45.2 49.1 55.7 64.0
2027 40.5 43.8 44,6 43.6 43.6 47.5 54.2 62.7
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Another recent example regarding mortality rate risks is illustrated in a study by
Chen and Zhu(2007). Using the China life insurance mortality tables for 1990-1993 and
2000-2003, they discussed how to measure the impact of mortality rate risks when
pricing life insurance policies. They applied actuarial methods to describe the impact
of mortality rate risks on insurance product pricing. They also observed the improved
mortality trends in China and showed that the premiums of term life insurances and
the whole life insurances have decreased, but the premiums of annuities have
increased as a consequence of the mortality rate improvements, Term life insurance
policies have the largest percentage changes in premiums, followed by annuities,
while whole life insurances have the smallest percentage changes in premiums. Chen
and Zhu suggested natural hedging opportunities for mortality rate risks by observing
inverse performances in annuity and life insurance pricing, Cox and Lin(2007) also
reported that natural hedging stabilizes aggregate liability cash flows because the
values of life insurance and annuity liabilities move in opposite directions in response
to a change in the underlying mortality, In this paper, we provide analytical solutions

for mortality rate risks,

II. Sensitivity Test and Hedge Ratio

Mortality rate change is a recent trend, especially for middle-aged males, and they
should be investigated by actuaries for the mortality rate risk management. We define

the mortality rate risks as follows:

Definition 1 The mortality rate risk is the risk that the actual claims associated with

death are more frequent than the anticipated claims, resulting in unexpected losses.
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In this section, we assume that the force of mortality may increase for specific ages
unexpectedly, and that mortality rate risks may exist. If the life table constructed from
a force of mortality model predicts mortality rates lower than those actually
experienced by the life insurance policy-holders, then the company will face losses in
the future., We consider the changes in mortality rates, which are called mortality rate
shocks, and investigate the premium differences when mortality rate shocks exist.

For illustration purposes, we use Gompertz's model,

)= p(0)c" ¢))

The survival function, s (z), is calculated from this force of mortality function,

s(z)=exp[— /:(u(())cs)ds] =exp[-m(c"—1)], )

where m = 11(0)/log c.

For illustration purposes, we assume that the parameter ¢ in the force of mortality
function is increased by 1%, i.e., ¢ is changed to 1.01¢. Using this assumption, we
construct the changed life table, calculate the premiums of 10-year term insurance and
10-year pure endowment, examine the gains or losses of premiums, and compute the

hedge ratios.

The premiums of 10-year term insurance, Axl: 7o) » currently have increased after the

mortality rate shock, and the premiums of 10-year pure endowment, 4 . %0‘, have

decreased after the mortality rate shock?), Table 2 shows the changes in the premiums,

To determine the hedge ratio, let us denote the premium of 10-year term insurance

after mortality rate shock by Ai:fo\ and denote the premium of 10-year pure

. 1 .
endowment after mortality rate shock by A4 . 15. The premium loss amount from

T

10-year term insurance is

1) Thorough out this paper, we attempt to follow the general rules for symbols of actuarial
functions. See the Appendix 4 in Bowers et al(1997).
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_ ! 41
Loss _A;:;:To\ A >0,

z: 10|
while the premium gain from 10-year pure endowment is

= 1y
qun—AgU:10| Ax:10\>0'

To offset the losses from the 10-year term insurance sales, we will have to sell 10-year
pure endowment at the same time; that is, it is better for insurance companies to sell
10-year endowment insurance policies than to sell only 10-year term insurance policies.
They can then hedge the mortality rate risk from the increasing mortality rate shock.
The hedge ratio, R, is defined to be the face amount of the 10-year pure endowment
to be sold to offset the losses from the 10-year term insurance of face amount 1 payable

at the end of the year when (z) dies. The hedge ratio &, is such that

(Table 2) Changes in Premiums due to Mortality Rate Shock

Change in Premiums

Before Shock After Shock
Age(x) Term Life = dzl\j\:gent Age(z) Term Life = dZL\j\:rient
35 0.02183 0.59598 35 0.03239 0.58722
40 0.03299 0.58084 40 0.05119 0.57178
45 0.04967 0.57318 45 0.08031 0.54791
50 0.07438 0.55301 50 0.12460 0.51180
55 0.11047 0.52366 55 0.18995 0.45891
60 0.16204 0.48195 60 0.28192 0.38544
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(Table 3) Premium Gains and Losses from Mortality Rate Shock

oot | g [ i | e o
35 0.01056 0.00876 1.20548
40 0.01820 0.01506 1.20845
45 0.03064 0.02527 1.21250
50 0.05022 0.04121 1,21864
55 0.07948 0.06475 1.22749
60 0.11988 0.09651 1.24215

Table 3 shows the gains and losses from mortality rate shock and the hedge ratio
R,. We assume that x(0)=0.0001, ¢ = 0.40987, and the annual interest rate is

i=5%.

ITI. Hedging Strategy for Mortality Rate Risks in
Developing Endowment Policies

We assume that the mortality rate shock follows a particular movement and the
parameter ¢ in the force of mortality function is increased by 1% . This assumption is
just for illustration purpose and is not realistic. We cannot predict the exact amount of
change in the mortality rate shock, even though we attempt to observe the trends of
mortality improvement as precisely as possible. We generalize this assumption,

In this section, we do not assume the amount of mortality rate shock; we simply
assume that mortality rate shocks may exist. For a given life table, the premium of n
-year term life insurance with a face amount of 1 payable at the end of the year when

(x) dies is

ke dr
Al = ka+1/_+k7 (4)

z:nl
k=0 ZI
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where v=1/(1+1), 4 is the annual effective interest rate, d, . is the expected
the number of deaths between age z+k and z+k+1, and [, is the number of

policy holders at age x .

Let us assume that the force of mortality 4, , , at age x + ¢ is increased to u, 4 ,, by

e(z,t) >0,

Mg 41— Mx+t :Ll‘:r+t+€($ t) = O (5)

Then the survival probability ,p, will be changed to ,p5,,

DS = exp( fot(ux+8+e(x,s))ds)

¢ ¢
= exp(/,uIJrSdS exp(/e(x,s)ds)
0 0
¢
*fe(a:,s)ds
0

The premium of term insurance after mortality rate shock e (z,t) is

= f,px eXp < f,pg;. (6)

n—1

x+k x+k
Z k+1 Z k+1 Allm‘ (7)

I
The amount of loss from term insurance after the mortality rate shock is

Lost%:;{il——A1 2> 0. ®)

z:nl z:n

As a hedging strategy, we consider n-year pure endowment to offset the losses
from n-year term insurance, The net single premium of n-year pure endowment

issued to () before mortality rate shock is

A, 5 =,E,=v"p,. ©)

After the force of mortality pu,, ., is increased to uf,,, by € (m,t)) 0, the net single

premium of the n-year pure endowment will be decreased to A . The amount of
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gain from the n-year pure endowment after the mortality rate shock is

Gain, = A T_A - = _F —

1
Tin z:nl n~r n

>0, (10)

We want to offset the losses from n-year term insurance with the gains from n-year

pure endowment. The hedge ratio, R

T

is the ratio of the n-year pure endowment
required to offset the losses from n-year term insurance in n-year endowment
policies.

Note that the ratio between term insurance and pure endowment is 1 in traditional
endowments, Here, we develop a new type of endowment, called modified
endowments, that pay 1 when the insured (x) dies in n years or pay R, when the

insured survives at age x + n.

Definition 2 The hedge ratio R, for age z is the ratio of the m-year pure
endowment required to offset the losses from n-year term insurance in a modified

endowment, i.e., R, is the number such that

Loss, = A, — A = R,(,E, — ,E,) = Gain,. (11)

z:nl

We calculate R, for each age x. From the definition of &, , we have

A+ R,E, = Al + R, E,. (12)

For convenience, let us denote the liability of a modified endowment before

mortality rate shock to be L, and the liability after mortality rate shock to be Zx ,

L, =A' -~ +R,E,, (13)

i z:nl

and

L,=A, - +R,,E,. (14)

xT
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We want to find the hedge ratio &, such that

Note that the premium of a traditional n-year endowment is

where sz .7 is the premium of the n-year temporary annuity-due,

The liability Z,, of a modified endowment before the mortality rate shock is

Lz xntr

xT

=A! 5+ R,,E

=A4, .+, —1D,E,

=1—da, 5 +(R,—1,FE,

n—1

1—d Y, 0", + (R, — Dv" p,. (16)
K=0

By the same method, the liability Zx after the mortality rate shock is

n—1

zx =1- dEUk k];w + (Rl - 1),071 n];,'l;- (17)
k=0
The difference AL, between the liabilities Z,, and Zx is

AL, =L, — L,
n—1

= —d Yo" (0, — ) + (B, — D" (10, — p2). (18)
E=0

We determine R, such that the difference between the liabilities, AL, , is as small

as possible,
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n—1
ALI: Zl‘ o Lx:_dzvk (k];x _kp:1:> + (in 1)Un (nil‘ 7npx): O
k=0

Let us analyze the difference AL, = ZI — L, between the liabilities,

_ n—1 ~ _
AL= L, = L= —d 330" (o, —p.) + (B, = D" (10, — 1)
k=0
n—1 O oo
_ —dka KDy Pz D + (RI _1)’l)n nPz nPz .
k=0 kP ntx

We define the function as

5.’1/' - kp.'l/'
o)== (19)
kP
Note that £(0)=(1—1)/1 = 0, The difference between the liabilities is
n—1
AL, = —d Z " f k), + (R, — 1)v"f(n),p, (20)
k=0

If we assume that the function f (k) is twice differentiable, then, by Taylor’s formula

with an integral remainder, the function can be expressed as
’ k 4
£ = FO)+ £ Okt [ (k= w)f” (w)dw
0

k

= SOkt [ k= w)f ),
0

The difference between the liabilities then becomes

AL, = —dni o' (O)kkpx_dni [vk kpx/k(k—w)f"(w)dw]
k=0 k=0 0

+ (R, — Dv"nf (0),p, + (R, —1)0" npx/‘n(n*w)f"(w)dw
0
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n—1

— 7o) [— 0 M, + (B~ 1,
k=0

n—1 k n

—dY; [vk kpm/ (k—w)f” (w)dw] +(R,—1)v" npx/ (n—w)f" (w)dw
k=0 0 0

=1+ 11,

where

n—1

1= f(0) [—dkak We (R, —1)v"n, p,
k=0

’

and

II= d:z;[vk kprok(k*w)f” (w)dw} + (R, —1)" npm/:(n—w)f" (w)dw,

Now, let us find R, such that the difference AL, between the liabilities is

minimized,
AL, =1+1 = 0,

One strategy is to find R, such that the first term I of AL, equals 0,
n—1
[ = f/(O){—dkak k,prr(Rx—l)Un’nan} =0, (21)
k=0

and the second term II of A L, becomes nearly 0,

II= d:z;[vk kprok(k*w)f” (w)dw} + (R, —1)" npm/:(n—w)f" (w)dw=0,

From the equation(21), we obtain the following:

n—1
—d Z "k p, + (R, —1)v"n,p,= 0 (22)
k=0
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e—d[(a), ;—a, 4]+ R, ~1)n,B, =0 (23)

I’rTl_ Trn

s—dll) —+ (R, —1n,E, =0 (24)

z:n—1|

=(R,—1)n, B, = d(fa) (25)

z:n—1

where

n—1

([a):r tn—1| = E Ukkkp'f‘
k=0
Therefore, we have the following theorem.

Theorem 1 The hedge ratio R, of the n-year pure endowment for age x required
to offset the losses from the sale of 1 unit of n-year term insurance(with face amount

1) is approximately
(26)

Remark 1 The hedge ratio R, in theorem 1 is independent of the amount of
mortality rate shock e (z,t). Even though it is greater than 1 for any age x, this may
not apply for some ages, and we will later solve this problem using a stochastic
mortality rate model and Malliavin calculus, Malliavin calculus is summarized at
Appendix.

We can interpret Theorem 1 using the sensitivity of the liabilities with respect to the

change in mortality rates with the following assumption. For the survival probability,

k
NS exp( / Ly o sds), we assume that the sensitivity of the liability with respect
0

to the change of mortality rates is approximately

oD
ﬁx—kexp
op

k
_/ #m+sd3)__kkpx. (27)
0
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Theorem 2 With the above assumption, the hedge ratio &, of the n-year pure

endowment for age x required to offset the losses from n-year term insurance is the

number that satisfies

op

oL,
0. (28)

Proof From(16) we have

L,=A} - +R,E,

T

= l—dEvk W (R, —1)v" p,.
k=0

We also have the following equivalences:

oL,
o N
n—1 K] a1
@—dzvkﬁ+ (R, — Do
k=0 O o
n—1

=" dEUkkkpz - (R;r - 1)vnnnpx =0
k=0
= (Rz - 1)nnE1‘ = d([a)x:nfﬂ

d (), =
SR =1+ R

n n—x

Remark 2 If the force of mortality p, = p, a constant, then we have

k
- f uﬁsds)— e M, (29)
0

kPz = €XD

From(16) we have

n—1

L :A;;\+RerEx: 1_dzvkkp:1: +(Rx_1)vnnpx

i
k=0

Now we consider L, as a function of both mortality rate p and interest rate 7.
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Then, we have the following equivalences on the change of the liabilities L, with

respect to the change of mortality rate p,

oL,
—=( (30)

op

n—1
0 ]._dE’Uk kP2 + (R,I - 1)vn nPz
k=0
= =0
oy
0 Pz

n—1 6kp
s —dY P 4 (R, —1 )"
2 o0

=0

n—1

=" dz’vkkkpr - (Rr - l)vnnnpx =0
k

= (Rx — l)nnEfx = cl([a)%:n_1

a Ua),
n E ’

n xr

Recall that the difference A L, between the liabilities is

AL, =1+ 11,

where

n—1
1= f(0) [— d Z 'k p, + (R, — l)v”nnpm] ,
and k=0

n—1

k n
= —dkgo oF kpl./o (k—w)f (w)dw} + (R, —1)" np:,;/O (n—w)f” (w)dw

If we set R, such that

d ), =
R =140l

n—x

then the first term I of AL, equals 0,
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n—1
1= f(0) [— d Z 'k p, + (R, —1)v"n,p, =0,
and k=0
AL, =11,
d (IG')J tn— 1]
Therefore, the hedging strategy with £, = 1+ P does not guarantee a

perfect hedging. Mortality rate risks still remain since AZ, = II may not be equal to 0.

Definition 3 The residual risk RR, for age x is the amount AL, = II when the

d ([a):l: n—1|
hedging strategy uses R, = 1+ U (ie. 1= 0).

n x

Now, let us analyze the residual risk,
RR, = AL,=11

n—1 k n
:—dz [vk kpm/ (k—w)f” (w)dw]-!—(}?z —1)" ,,pfb/ (n—w)f” (w)dw (31)
k=0 0 0

n—1

=—d2 [o" oo (F(B) = K (0) ]+ (R, — D" p, (f (n) — nf' (0))

n—1

=—d 3 [o* 1o, (F6) = k1" O))] L), = )= nf (0))

n—1 n—1

== A0 ()4 df 0) Dt ),y () = (0)

== i )7 (0) (), + ), )=y (0)
n—1
:—dzvkkpzf(k)m(la)z:n,ufg‘)
k=0
n—1
=d <1a>x:n,u - 20wtk (32)

Since we cannot exactly determine the function f(k),(32) does not provide us the
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risk RR,. However, we have another way to estimate R, if we assume that RR, is
a measure of the difference between a non-perfect hedging strategy and a perfect

hedging strategy. If we set up the liability L, as follows

L,=A' —+ E. +da

x:nl " T z:nl?

(33)

then AL, =0, i.e., a perfect hedging strategy. For the perfect hedging strategy, the

liability EI after the mortality rate shock is

L, =L, +AL,

A nEx + da xT: 7’7 *
For a non-perfect hedging strategy, the liability after the mortality rate shock is

L,=L,+AL,
=L, +1+1
=A! ~+R,,E,+RR,

If we set

R,,E,+RR, = ,E, +da_. ~,

rn €T n xT

then the residual risk is

RR, = ,E,+da_——R,, F,

z:nl

=(1-R,),E, +da,,

= a (), - LB+ da by(26
n By @y nl DY )
n : :

1
:7—_([(1) —T)
r:imn n rn
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. n—1
where (Da)m;ﬁ = z (n_k)vkkpx-
k=0

We now have the following theorem,

Theorem 3 Let us assume that RR, is a measure of the difference between the

(a),
non-perfect hedging strategy with the hedge ratio £, = 1+ %%ﬂ

n xr

and the

perfect hedging strategy(33). Under these conditions, the residual risk of the
non-perfect hedging strategy is

RR, = %(D&) (34)

zinl
Remark 3 Let us find a perfect hedge ratio, RP“"/*“! | of n-year pure endowment,
Comparing
) .
L, = Az:m—FnEI +dal_:;|
and
L,=A! ~+RI' E,
we have

R E, = B, +da, .

Therefore, a perfect hedge ratio of the n-year pure endowment to hedge the

mortality rate risks in an n-year endowment?) is

2) Note that a perfect hedging strategy is L, :A;:m +”E:[+da;n*|:1, So R s the
risk measure only when L, =1 which is a special case of perfect hedging. We want

to find more general hedging strategies.
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R;oerfect: 1+da

=1+ds, .. (35)

(Table 4) Hedge Ratios and Residual Risks

Age(x) - Rx - Rx RRz Rferfed
(1% increase in ¢)
35 1.20548 1.18792 0.22639 1.64127
40 1.20845 1.19507 0.22564 1.64784
45 1.21250 1.20386 0.22452 1.65799
50 1.21864 1.21480 0.22283 1.67379
55 1.22749 1.22867 0.22030 1.69870
60 1.24215 1.24689 0.21656 1.73868

Table 4 shows the hedge ratios R, and residual risks R/, when we assume that
the force of mortality follows Gompertz's model, In the second column of Table 4, we
assume that the parameter ¢ in the force of mortality function is increased by 1%. In
the third column, we calculate the hedge ratios according to Theorem 1. In the fourth
column, we determine the residual risks, We calculate a perfect hedge ratio in the last
column,

We see in Table 4 that the hedge ratios R, and the perfect hedge ratio RP"/*“!
are all greater than 1, However, this may not apply for the contracts with low mortality
rate risks for young ages, We will solve this problem using a stochastic mortality rate

model and Malliavin calculus in the following sections.
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IV. Stochastic Force of Mortality using the
Brownian Gompertz Model

Until now, we assume that mortality rate shocks exist and attempt to find the hedge
ratio, R, which is independent of the amount of mortality rate shocks. However, the
hedging strategy is not perfect, and residual risks remain because the approximation
using Taylor's formula may have error terms, To improve the hedging strategies, we
can consider stochastic mortality rate models and calculate the sensitivities of liabilities
directly using Malliavin calculus,

There are several families of deterministic analytical laws of mortality such as De

Moivre, Gompertz, Makeham, and Weibull. The Gompertz law of mortality is given by

p(z) = p(0)c’ (36)
where u(()) >0,c>1,2 =0,

For the stochastic mortality rate models, we refer to Lee and Carter(1992), Lee(2000),
Yang(2001), Dahl(2004), Biffis(2005), Milevsky and Promislow(2001)D, Woodbury and
Manton(1997), Renshaw and Haberman(2000), and Yashin et al, (1985),

For illustration purpose, we consider a stochastic law of mortality, especially the
Brownian Gompertz(BG) model, which is based on Milevsky and Promislow(2001).
The BG force of the mortality process is expected to grow exponentially; the variance
is proportional to the value of the hazard rate, and this process never becomes zero. In
this paper, we consider a simple stochastic force of mortality process, {(t) : t > 0}, as

follows2)

1) The choice and justification of stochastic mortality rate models may depend on the data
and insurance policies.
2) Milevsky and Promislow(2001) suggests the model, ,u(t,x) =Cexp(£x +aZ(t)), for the

force of mortality. Here, we assume that age = 0 for illustration purpose.,
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p(t) = u(0)exp(cZ(t)), (37)

where o > 0, £(0) > 0, and the dynamics of {Z(t):t > 0} are described by the

stochastic differential equation,

dZ(t)=—bZ(t)dt+dW(t), (38)

with Z(0)=0,b > 0, and W(t) is the standard Brownian motion, Note that if
b =0, the process p (t) is the geometric Brownian motion,

We can solve(38) for Z(t),

¢
Z(t)= [ e " ams). (39)
0= [ (s)

The mean value of Z(t) is
E(Z(t) =0, (40)

and the variance of Z(t) is

Var(Z(t)) = E(Z(t)?) = /teﬂb(tfs)dms) _ 1—e 2

0 2b (1)

Note that Var(Z(t)) < t, so the process has a smaller variance than W(t), and
Var(Z(t)) converges to t as b goes to 0,

The expected value of the stochastic force of mortality i (t) is

E(u(t)) = u(O)eXp{%Q(l%bm)}. (42)

Note that £(u(t)) converges to the Gompertz law of mortality as b goes to 0,

2
g

5 t), as b—0. (43)

E(p (t))%u(o)exp(
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Let us consider the dynamics of {x(t):t > 0}, Using Itd’s lemma, we have

du(t) = op(t)dz(t) + %amt)dt (44)
— ou(t){— b2(t)dt +dW(t) )+ %am(t)dt, by(38), 45)
= o—u(t){— b%ln(%)dt + dW(t)}+ %am(t)dt, by(37), (46)
_ {%02 e blnp(0)— blnu(t)}u(t)dtJrau(t)d W) @)

We will use this formula to determine a hedging strategy using Malliavin calculus in
the Appendix.
For 7> 0, we assume that 7= X(7) is a solution to the stochastic differential

equation
dX(t) = p(X(t)dt+o(X(t)dW(t).

axX(t)
0.X(0)

We define the tangent process { Y (t) = 1t >0} of X(¢) as the associated

first variation process defined by the stochastic differential equation

aY(t)=p4(X@)Y(t)dt+o (X)) Y(t)dW(t), Y(0)=1 (48)
where primes denote derivatives,

Then, the Malliavin derivative of F'= X (7) is given by

DX(T)=0(X(s))Y(s) 'Y(7) (49)

for s < T, and is zero otherwise,

For X(0) = z and F'= X(T), we calculate the price sensitivity with respect to x

—ElpX(#)]= Bl (X(D) V()] (50)
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Using Malliavin calculus, we attempt to determine the weight 7 = §(u) for some

adapted process u, such that

——Ble(X(®)]= Blv (X(T)7]
= E[4(X(7))5(u)]

= E[<{Dy(X(T)),u>], by(83)
= B[ (X(DT){DX(T),u>],by(85)

A
= lvx(@) [ 0x( 0] bye
0

a

= E[zz/ (X(O)WT) | (D) 'o(X( T))u(t)dt] ,by(49)  (51)

0
Comparing(50) and(51), we need

|/ V) e (X))t = 1. (52)

0

to produce the solution

_ Y@
ult) = To (X)) - (53)

Therefore, we can find the weight 7 = §(u) when F= X (7))

=)= [ OT%d W(t), by(34) (54)

In a similar manner, we can find a weight 7 = §(u) when F is the mean value of

the process {X(t):0 < t < T}

e
F= / ) X(t)de. (55)

A weight = §(u) is given by



= () = 5(”2(”( TY(s)ds)l). (56)

V. A Hedging Strategy using the BG Stochastic
Mortality Model and Malliavin Calculus

Now, we begin with the sale of term insurance. Under a stochastic force of
mortality model, the net single premium of n-year term life insurance with a face

amount of 1 payable at the end of the year when (z) dies is

A o =E2 Y0 p, (w)g, ., ()], (57)

zinl
t=0

where v=1/(14+14), 7 is the annual effective interest rate, {2 is the set of
scenarios, and w is a scenario in which w& (2,

For each # > 0, > 0, and w € (2, the survival probability ,p, (w) is

t
tp;,;(w)ZeXD(—/u,,(s,w)dS), (58)
0

where 1, (s,w) is the force of mortality at age z+ s on the scenario w, and the

death probability ¢, , , (w) is
Gy (@) =1-p, 1 (0). (59)

We, therefore, can rewrite(57) as

n—1 n—1

A%;H:EQ th+ltpw(w)_th+1t+1pm(w) . (60)

x
t=20 t=20
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As a hedging strategy, we consider the sales of n-year pure endowments to offset
any losses from the sales of n-year term insurance. The net single premium of the n

-year pure endowment issued to (z) is

A ,I—ZnEzZEQ{v"npl.(w)], (61)

-’L‘~n|

We offset the losses from n-year term insurance sales with the sales of n-year pure
endowments, Let us define the hedge ratio, R,, to be the number of n-year pure
endowments that need to be sold to offset the losses from the sales of n-year term

insurance policies, Let us denote the liability Z, to be

L,=A} +R,E,. (62)
We determine the hedge ratio R, such that the sensitivity of the liability with

respect to the mortality rate changes equals 0,
BL.'I?
ou B

0, (63)

where = p, (0,w).
The liability Z, is

L,=A! +R,E,

r:n

n—1 n
= E(Z[th+ltpfl:(w>_ th+lt+1px<w)

t=0 t=20

+ R E 0" p, ()], (64

The sensitivity of the liability with respect to the mortality rate changes is

n—1 n—1

aLx_ 9 12 t+1 —_ t+1 0 20 n
o —%E [fzov tpx(w) ;0’0 t+1px(w) +R, aE {v npx(w)]_ (65)

For a fixed age x, we assume that p, (t,w)= /L(:L' +t,w), and the dynamics of the

force of mortality are given by3)
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dp, (t) = Bu, #))dt + o (p, (£))d W(t)

- {%UQ +blng, (0)— blng, <t>}% ()it + op, (AW, (©6)
o, (t)
=

variation process, defined by the stochastic differential equation,

The tangent process {Y() it >0} of p, (t) is the associated first

dY(t)= 3" (p, () Y(t)dt + o (p, () Y(E)dW(t), Y(0)=1, (67)

where primes denote derivatives,

For a given « > 0, the expected value of the survival probability is

E? [p, (w)]= EY [exp( /:Mx (s,w)ds)}

=E°[p(Ftw))], (68)

where
" Ft,w)= /Ouw(s,w)dS, (69)
Y (F(t,w)) = exp(— F(t,w)). (70)

Using the result of Malliavin calculus, we have

0

EE”[zb(F(t,w))}: E? [¢(Ft,w))n(t,w)], (71)

where the weight 7 = §(u) is given by

3) Here, we consider the dynamics of the force of mortality under the Brownian Gompertz(BG)
model. The dynamics may change according to the choice of mortality rate models.
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/ Y(lw dl) 1)

-1
f Ylwdl) AW(s). (72)

2Y2

_/ 2Y2

The hedge ratio R, such that the sensitivity of the liability with respect to the

oL,
mortality rate changes equals 0, W: 0, is expressed as follows

n—1

t;]vt“{tp,; () (t,w) = 1 1p, (W) (t+1,0)}
R, =— B0 py (@) ()] ) (73)

VI. Numerical Examples

We have conducted a simulation to calculate the hedge ratio R, under the BG
stochastic mortality model, b= 0.5 and o = 0.20 are estimated such that the average
survival probabilities under the stochastic mortality rate term structure are consistent
with the values under the deterministic term structure model, And o =0.23 is
arbitrarily selected in order to see the effect on hedge ratio changes(The case
o < 0.20 is not assumed because the risk actually does not increase if o decreases).
Finally, the parameter ¢ = 5% is fixed and arbitrarily appointed in the model, We use
1, (0)=E?[pu(z,w)] as the initial values, For the 10-year term insurance, we show
the hedge ratios, R, ,(73), of the pure endowment in Table 5.

Note that the hedge ratios in Tables 4 and 5 are different, We do not need to use
any approximations, so there are not residual risks when a stochastic mortality model

and Malliavin calculus are used. This is an improvement in the hedging strategies,
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Due to fixed 10-year maturity and the characteristics of the mortality model, the
hedge ratios are different by age group. From Table 5, the hedge ratios for young
ages(35 and 40) are less than 1, We can also see that the hedge ratios grow rapidly as
age increases, so we will give more benefit in modified pure endowments to hedge the
mortality rate risks for old ages. It is very natural way to compensate the loss from
death by the gain from survive because the death probability of old age is higher. We
also noticed that the hedge ratios depend on the level of volatilities of mortality rate
movements measured by o. The death rate for younger ages decreases in 10-year
period if volatility increases, However, the death rate for older ages sharply increases
in 10 years, Therefore, relatively small hedge ratio is necessary for younger ages, but
high hedge ratio is necessary for old ages.

The explanations on the results from data analysis in this chapter are as following:

1) More precise hedge ratios can be obtained when the BG stochastic mortality rate
model is used.

2) The influence of the volatility o should be a consideration for mortality risk
management,

3) As in the deterministic model, the hedge ratio is increasing as age increases
under the stochastic mortality rate model.

4) The hedge ratios for young age are less than 1 under the stochastic mortality
model, while hedge ratios for all age group are bigger than 1 under the deterministic
model.

Lastly, the implications of this analysis are as follows: More benefit is necessary for
old age group and more precise mortality model, such as BG, is needed to hedge
mortality risk. In addition, volatility must be taken into consideration because it is one

of the key drivers for determining hedge ratios,
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(Table 5) Hedge Ratios

; Age 35 40 45 50 55 60
0.23 0.81378 0.90778 1.05951 1.31239 1.76686 2.72489
0.20 0.89650 0.97027 1.08998 1.29090 1.65499 2.42923

VII. Conclusion

We observed that mortality rates have experienced changes, especially for
middle-aged males, over the last few decades. If mortality rate shocks exist, insurance
companies may face losses from life insurance sales, As a hedging strategy, an
insurance company may develop modified endowments. We presented the hedge
ratios of pure endowments to offset the losses from term life insurance in developing
modified endowment policies,

We attempted to find hedging strategies using three steps. First, we employed a
deterministic mortality rate model, the Gompertz model, and assumed a given shock in
the mortality rates to determine a hedging strategy. In the second step, we used an
approximation to determine a hedging strategy under any unknown mortality rate
shock. We derived a non-perfect hedging strategy with residual risks, Finally, we
showed the hedging strategy using the Brownian Gompertz stochastic force of
mortality model and the results from Malliavin calculus,

Because of the medical improvement and desire to live long and healthy, life
expectancy is getting longer and longer. Therefore, one of the key issues in insurance
companies is how to model the improved mortality rate properly, There are still
difficulties on designing a suitable mortality model. The best estimated model at a
certain time cannot be used forever because mortality rates constantly change. For this

reason, a natural way of hedging motality risk in life insurance using a stochastic
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mortality rate model is suggested in this paper, However, in reality, the difficulty of
constructing a portfolio of term insurance and pure endowment should not be

overlooked, because the term insurance market is relatively limited in South Korea.
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Appendix

We assume that the dynamics of an asset {X(t): 0 < ¢ < 7}, which is an

Rn-Markov process, are described by the stochastic differential equation,
dX(t) = p(X(1))dt + o (X(t)dW(t), (74)

where { W(t) : 0 < t < T} describes a Brownian motion with values in R,

We consider the price of a contingent claim defined by the following form
Viz) = Blp(X(t,), -, X(t,)IX(0) = 2] (75)

where 1 is the payoff function on the times 0 < ¢; <---< ¢, = T,

Next, we want to calculate the price of the path-dependent contingent claims and
the sensitivity of V(z) with respect to the initial condition 2. We need to compute a
Monte Carlo simulation of V(z) and a Monte Carlo estimator V(z+¢€) for a small,

and estimate the sensitivity of V(x) by the following value

= . (76)

One way to calculate the sensitivity of V() is to use Malliavin calculus, We briefly
introduce a few resulting formulas needed in this paper. For more details on Malliavin
calculus and its application to finance, refer to Bichteler et al,(1987), Malliavin(1997),
Fournie et al, (2001, 1999), and Nualart(1995).

Using Malliavin calculus, it is well known that the differential of V(z) can be
expressed as

oV_

- Elmy(X(t,), X(t, )X 0)==z], (77)

m

where 7 is a random variable to be determined,
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There are many benefits of the above formula, We only need one Monte Carlo
simulation to calculate the sensitivity of V(2 ), which saves simulation and computing
time. We also do not need the parallel shift of x, x + €, with an arbitrary small value
of €. We notice that the weight 7 does not depend on the payoff function ¢, which is
also an important advantage of this formula.

Let us consider a probability space((?, F,P) and a set C of random variables on

the Wiener-space {2 of the form

(/0 hy (t)d Wit /0 h, (t)d W(t ) (78)

where w is a path in the Wiener-space {2, f& S(Rn), S(Rn) is the set of infinitely

differentiable functions on R”, and hy,--+, h, € L (2 x R,).

For F'e C, we define the Malliavin derivative DF of F' by

D, F= Zaf(fh £)d Wit /h )Wt ) (), t=0 (79
0 0

1_13.1?

We define the norm of F by
oo 1/2
11, , = (BLFY)"* + (E[ f (DtF)Zdt]) (80)
0

We denote the Banach space which is the completion of C'by D2, with the norm
Il ' Il.5. Let U be a stochastic process, U(t) = Ulw,t) EL* N X R.). For any
$pE D"? and fixed w, both U and D¢ are in LQ(R+) = H. We use

{U,D¢p>= /OO U(t) D,gdt, (81)

0

for the standard inner product in Z*(R, ). Note that this expression is stochastic,

CU,Dp>=UD¢>(w). (82)
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We calculate £[<{ U, D¢ ] by integrating over all w € {2, We define ¢ (U) 50 called

the Skorohod integral, as adjoint to D by
E[{U.D$>]=E[5(U)s]. (83)

One of the interesting facts of Malliavin calculus is that the divergence operator

coincides with the standard It0 integral. Let U be an adapted stochastic process in

L (02 x R, ). Then we have

() = /OOU(t)dW(t)_ (84)
0

For an adapted random variable F&E D"?  using the chain rule for Malliavin

derivatives,
Dy(F) =" (F)DF. (83)

Using integration by parts, we have

Bl ()= B ( D6 (Pl s OF) |

1
a E[w(F)‘s( {DF,DF> DF)]
= Ely(F)nl, (86)
1 . . . .
where m=§ (<DF,—DF>DF) is a random variable to be determined and ¥ is a

payoff function, Note that(86) is a way of obtaining the derivation of(77),
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