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life insurance by minimizing both the investment risk and the risk of obtaining
guaranteed return, with the constraint of surplus larger than a prescribed constant.
We also discuss the application of dynamic programming in finding dynamic
solutions to these optimization problems. We analyse the affect of the change of the
risk—free interest rate, the age of insured, the cost of reinsurance, and mortality on
optimal solutions. Our results indicate that changes in the insured age, in the
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I. Introduction

Universal life insurance is a very popular life insurance product in the U.S and other
countries as a whole because of its flexibility and providing the policyholder with
minimum guarantee return so as to decrease the risk taken by policyholders.
Currently, some insurance companies in China have begun to sell this product.
However, because interest rates in developed economies and also in developing
economies are so low, life insurance companies are concerned about the cost of those
guarantees.

An important thing is that the minimum guarantee implicitly represents short
positions in financial derivatives together with other elements of optimality such as
bonus distribution schemes and surrender possibilities and as such are liabilities which
constitute a potential hazard to company solvency(Mahayni and Schlogl, 2003). How
to determine the optimal guarantee return rate? If it is too high, it will increase the
insolvency risk of insurers, but if it is too low, it will reduce the policyholder’s benefits
so as to decrease the motive for consumer to buy life insurance policies and further
damage the company solvency. The valuation of life products with minimum
guaranteed return rate has been discussed in a lot of literature. Persson and Aase
(1997), Grosen(1997), Briys and Varenne(1997) have proposed the valuation of life
products with the minimum guaranteed return. Bacinello and Ortu(1993), Nielsen and
Sandmann(1995), Boyley and Hardy(1997), Grosen and Joergensen(1997) and
Bacinello(2001) studies unit—linked contracts with minimum return guarantee. Moeller
(2001) discussed risk—minimizing hedging strategies for a general unit—linked life
insurance contract driven by a Markov jump process and a claim process from non life
insurance where the claim size distribution is affected by a traded price index.
Milevsky and Salisbury(2005) discussed the financial valuation of guaranteed minimum
withdraw benefit for variable annuity. However, as Mahayni and Schlogl(2003) pointed
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out:” the existing literature is mainly concerned with the correct valuation of insurance
policies, i.e. the pricing of the option component by standard Black/Scholes—type
dynamic arbitrage arguments”. Risk management of insurance products must consider
and balance benefits and risks of both consumers’ and insurers’. In our article,
minimum guaranteed return rate is seen as a kind of price of insurance policies.
Minimum guaranteed return rate g is determined based on the objective to minimize
the sum of volatilities of investment and minimum guaranteed return rate, at the same
time, satisfy a certain constraint, that is, the surplus rate of insurance companies is
equal to or larger than a constant. The determination of the premium is still based on
the equivalence principle, that is, the net premium is equal to the total claim payment
due to the death events. Therefore, for universal life insurance, it is necessary to
determine two different prices, one is premium not including the factor of investment
and another is minimum guaranteed return rate which is necessary to consider the
hedging factor of investment risk. Since it is general practice in actuarial science on
determining the life insurance premium without considering investment factor, here
we will not discuss it. We mainly focus on discussing how to determine optimal
minimum guaranteed rate. We also consider the hedge of the investment return to the
underwriting risk and to the payment of minimum guaranteed return and assume that
return rates of risk assets invested are Vasicek(1977) stochastic processes. We transfer
the Vasicek models into Gaussian stochastic process so that we can easily formulation
the equation of calculating the volatility of the minimum guarantee return rate.

In this article, we apply similar method to that of dynamic mean—variance(M—V)

modell). But the difference between our approach and those in existing literature is

1) Since Markowitz(1952) proposed mean—variance(M—V) portfolio selection, there is a lot of
literature to study and extend the Markowitz's M—V model (1) to formulate dynamic M—V
models; (2) to combine stochastic optimal control theory to derive the expression ofn the
efficient strategy and efficient frontier in closed forms; (3) to extend the dynamic M—V
model to cases with a variety of more realistic conditions; and to adopt the dynamic M—V
model to study the ALM problem(Yao, Lai and Li, 2013).
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that we use minimizing the sum of volatilities of investment return rate and minimum
guaranteed return rate instead of minimizing the volatility of the terminal surplus as an
objective function.

The model proposed in this article mainly has two advantages. The first one is that
the determination of minimum guaranteed return rate g considers both the insurer’s
and policyholder’s risks and benefits. Therefore, it can decrease insolvency risk and at
the same time raise the motive for consumer to buy this universal life insurance
because of minimum claim risk and insolvency risk of insurance companies. The
second advantage is that the optimal solutions can be dynamic with time. Therefore, it
is more truly reflecting the real situation of insurance companies.

The remaining part of this article is organized as follows. In the next section, several
assumptions are discussed, a general valuation model is proposed, and determination
of optimum g is discussed. In the third section of this article an example is given to
illustrate its application and numerical analysis is carried out. Last section gives our

conclusions.

1. Valuation model of universal life insurance with level premium

paid at the beginning of each year
1.1. Assumptions

Assume that the life product is a universal life insurance product and the term of
each policy is Ty, Each life has the same death distribution and the death events are
independent of each other. The death probability of the insured aged = who
is alive at x+t—1 but dead at z+¢ is expressed as g, ..

Assume that the rate of return of investment portfolio can be expressed as the
following stochastic differential equation(because the return rate of investment may

have negative values, we use Vasicek model):
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dr=a(b —r)dt+oc dz, (1)

where dz, is a standard Wiener process, o, is the standard deviation of
return rate of investment portfolio, b, is the equilibrium return rate of
investment portfolio of long term, b, —r is the gap between its current rate of
return and its long—run equilibrium level and « is a parameter measuring the
speed at which the gap diminish. Assuming that the diversified portfolio
consists of one risk—free asset and n types of risky investments, the

fraction invested in i—th risky investment is «;, i=1,2,..,n, the fraction

n+1
invested in risk—free asset is a,,, and Y,a,=1, then the return on risky

asset i follows equation. i=1
drl_zal_(bl_—rl_)dt+0'idzi 2)

and a portfolio return is r= Ea r,. The differential of the portfolio return is
i=1

> adr :Zn:ai(ai(bi —r)dt+o,dz,)= Za a(b-rydi+Yaocd;, (3)
If a, =a, then

b=Yah @)

If the correlation between z; and z; is p,;, then the variance of the portfolio

return is

)
(n
VIL;aiaidzJ LZa o, +ZZalajalaij

=1 j=1
i# ]



m RAZTFAT A27A A%

and the standard deviation is

i=l j=1
i#j

:\/;a +22aa pl]GlG] (5)

Rased on Momon(2004), we know that the expected return rate of risky investment portfolio is

E(r)=p(t)= Eiairi = iaiui(t) = Zﬁ:aieﬁ”(l’i(o) +bl.(e“" - 1)), (6)

where y,(t) is the expected return rate of i—th risky asset at time ¢ in real
world measure and r,(0) is the return rate of i—th risky investment at time

t=0. And we define

o-f(t)zVar(r)zVar[Zf:a rJ Zazaz(t)+22aa o, ), (7)

=l j=1
i#j

where ¢7(t) is the volatility of the return rate of /—th risky asset in real

W 0 r 1 d

1— 672{”
measure, o’ (t) =0’ o

2
13

and o;,(t) is covariance between i—th risky

asset and j—th asset in real world measure,

1 1 1 1
O_ (t) eA[+zB[+A”+zB”+Y eA[+zB[+A”+zB” (8)

where
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For the proof of equation (8), please see Mao et al.(2012). Since
() ~ Ny, (t),07(t)), r,(t) also satisfies the stochastic differential equation:

dr;(t) = p,; (t)dt+o,(t)dz, and the return rate of investment portfolio r(¢) satisfies

dr(t)=p \(t)dt+o (t)dz, (9)

where 4'(O)=pO)+a,r,

Assume that mortality is independent of the investment return, and follows the
Gompertz—Makeham distribution(Milevsky, 2006 ), with the instantaneous force of

mortality (IFM) given as:

l(x):&-k%e”‘”””’, >0 (10)

where m is the modal value of future lifetime and b is the dispersion
coefficient. According to the equation (10), the instantaneous force of
mortality is a constant § plus a time—dependent exponential curve. The

constant § aims to capture the component of the death rate that is
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attributable to accidents, while the exponentially increasing portion reflects
nature death. The conditional probability of survival under this

Gompertz—Makeham IFM curve is equal to

o 1 S—m
el T[os1e=l-

x

= exp{-0t+ H(A(x) - S)(1-e"")|

Assuming the surplus of the insurer at time ¢, X(¢), satisfies the following

stochastic differential equation:

dxX(f)= (q Re(1- 1)+ X(£) (£) - Req._ max(e® " )dt+

X+t X+t

+X(t)o (t)dz—Req 0 (t)dz,,

X+t g

(12)

with boundary condition X(0) =1, where Re is the proportion of retention of

reinsurance and 7 is the rate of reinsurance cost.

1.2. Valuation Models for Static Solutions

The stochastic differential equation (12) has the unique solution based on Ito's Lemma:

X=X, +.[X(s)ur '(s)ds+.[X(s)ar(s)dz -

(13)
- jRe(q max(e®,e” Y)ds+qmag(s)dz )
(o ! )
"(x(0)= EPLXO + [ X($)p, (5)ds+ [ X(s)o, (s)dz J +
(t 0 0 \ (14)
+EPL!R3(‘L+\ max(e®, )ds+q¥+\0'g(s)dz )J

where ET([]) is the expectation operator under the real world measure and g
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1s minimum guarantee return rate. By the constraint condition that

EAX(T,)—X(0)) > C, we have

[ n n )
E%XUQ—Xm»:EPtg+jX@»y@yk+ngaggﬁJ—
(x 0 \ (12
—EPLJRe(q _max(e®,e")ds+q_, o (s)dz, )J X0)>C

x+s g

=1 j=1
i#]

where  u'(O)=pO)+a,r,, Cf,(t)=\/za (t)+zzaa,<f,(t) and ¢, =,p.—,p,

is the mortality rate at time ¢,z is the age the insurance policy is issued, T

1s the maturity of insurance contracts and

SO = [ (O —EDO) f(D)ce+ [ (O — By f ()b

= j (€O~ OF [+ j OO — 1 @Y F AO)ke (16)

—(2()—1,'®) a{g(’) K (’)}cf(t)

Letting the objective function be

min(fldz(t)J2 =
. i ( \g (17)
:k 7 (qm)z(afﬂrgz):Z(qm)zk(g(t)—#r'(t))ZCDLg() (#) J +20 J

st: EX(X(T,)- X(0))=C

Write the Lagrange equation of objective function (17) as:



I =oeeas A2 A1s

7, ( )
L) =200, )| &0~ u,(t))zd)LM J#2070) |+ M) (18)

The one order conditions of Lagrange equation with respect to g,a;,i =1,2,..n,

Re can be written as:

oL & ool (=) o ou )
=Y e 0) 20 S S w0 ) TR

(iEP(X Lt d\ e s . ayrd\
Al k °+£ €6 6) HI R ijj e a#,,'max<e e )aa,. ’ (19)
N

t (g - ow'

( )
J so-wr) 20 05 S (gm0 j—aiJ

=0

( 1y )
Z_j = B X+ [ X0 0ds [ X0 () | -

7 \ (20)
—-E” L J Re(q,, max(e,e"")ds+ 49,0, (s)dzl)J -C=0
0

oL & ( (a(t)= () oD
FRI (g - 1.0 chbkg £ L (g(t)—u,.(t))zJ
o5
og

X +jX(s)y (s)ds+jX(s)cf (s)dz} jReq 9 max(eg e )ds\

= og (21)

(
( )
{jReqH (- 10)) de{g(’ “(’j (g(t)—u,.(t))a—z Je:

7 ( )
- TR, | (60 (0 d{g(’) . (’)} 207

( ( N
&EP kXO + ! X(s)p '(s)ds+ ! X(s)o (s)d= J (22)
+A (r \ =0
-E” kj(qm max(e®, e ") ds+ 4.0, (s)dz, )J

By solving the system of equations (19), (20), (21) and (22), we can get the optimal solution
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of g* and optimal investment allocation strategy
(goo*,a0* s, 1 — o *— ay*— .., *). However, it is impossible to get the
explicit solutions of these four system equations by analysis methods. We
use numerical method and optimization technique to get the approximated

solutions.

1.3. Proper order dynamic programming models

In above section, we discuss the problem of finding the static solutions of optimal
minimum guaranteed return rate, the proportions of risky assets invested and the
proportion of reinsurance. In this section, we will discuss how to find the dynamic
optimal solutions of these parameters by dynamic programming. Usually, the inverse
order method is used to solve the problem of dynamic programming with the initial
values of parameters given. However, since the boundary condition at last stage is
given in our case, it is necessary for us to use proper order dynamic programming by
dividing the total maturity time into several stage, and the duration for each stage is
just one year, then, the process to find optimal solution is from first stage to the final
stage. The objective function of the k—th stage with the constraint of the average
surplus of each year being larger or equal to ¢ can be written as:

|
mino, = (i crz(i)\E Jh=12,..T,
=1 (23)

ot MZC

where

( (a-n'®) . )
(i) = Req. Y| (g(i)— e (y o ELH D ho2iy
" em

Solving the objective functions of each stage, firstly, get the optimal solutions of the
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first stage, g,.a1,04,a5 and Rey, secondly, put these optimal solutions into the

objective function and solving it to get the optimal solutions in the second

stage until the last stage where the optimal solutions ng,af’,a;’,ag’ and Rep

are obtained.
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2. Numerical Examples and Discussion
2.1. Without consideration of reinsurance

It is assumed that there are three kinds of investments: stocks, Treasury Bond, and
Treasury Bill. The allocations of them in the investment portfolio are «y,«,
and «;, respectively. We use Vasicek model to simulate the return rates of
stocks and bonds. We use the data of S&P 500 index, the bonds2) from 1976
to 2009 to estimate the parameters of a.b, and o,i=1,2. We use the
maximum likelihood estimation to find these parameters based on the
formulas discussed in the book written by Gourieroux and Jasiak(2001)
(Section 12.1.2). The estimated values of parameters are listed in Table 1.
We estimate the risk—free return rate using the return rate of 3 months
Treasure  Bill  from 1976 to 2009 and get  r;=0.054.
r,(0) =0.2645, r,(0) =—0.149. We assume that the initial value of wealth

Xy =1.

<Table 1> The values of parameters of S&P 500 stock market index
and Government Bond estimated by maximum likelihood

MLE S&P Government Bond
estimation(gq;) 2.2183 0.7931
estimation(o?) 0.1318 0.0457
estimation (b;) 0.1251 0.0959

We also assume A=0,m=86.34,b=9.5 according to GoMa law3), the
insured age at the time when the insurance policy issued is z=40, the

insurance term is whole life, then T, =10, the longest life span is 110(under

2) Sources: Stocks, Bonds, Bills, and Inflation Yearbook. The data is annually reported.
3) These were the best—fitting parameters to the unisex RP2000 mortality table, see Milevsky(2006).
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the Gompertz—Makeham IFM curve, T o is , but we assume that ,P, is zero
when ¢ > 110).

By considering the stochastic objective function with the constraint (23), and with
the help of Monte Carlo simulation and optimization techniques, we get the optimized
investment portfolio proportion, sub—optimal minimum guarantee rate and optimal
reinsurance proportion when C takes value of 0,0.10 and 0.20 (please see Table 2, the
solutions in lines 2, 4 and 6 are optimal solutions, while those in lines 3, 5 and 7 are

sub—optimal solutions. ).

<Table 2> The optimal and sub—optimal solutions of minimum guaranteed return
rate and the proportions of investments without consideration of reinsurance

C o * o * oG g* min \/% E*(X(10)- X(0))

0 0.0262 | 0.0063 | 0.9674 | 0.0699 0.0011 0.0671

0 0.0182 | 0.0269 | 0.9546 | 0.0093 0.0009 0.0846
>010 | 0.0262 | 0.0063 | 0.9674 | 0.0699 0.0014 0.1758
>010 | 0.0182 | 0.0269 | 0.9546 | 0.0093 0.0014 0.2042
>020 | 0.0256 | 0.0495 | 0.9249 | 0.0613 0.0025 0.2167
>020 | 0.0294 | 0.0199 | 0.9507 | 0.0048 0.0017 0.3028

Our results (Table 2) show that the optimal minimum guaranteed return rate is very
small when the total volatility reaches smallest, but the expected optimal surplus of the
insurer is larger. It is not beneficial to the consumer. But it is conformed to the current
situation, that is, very low interest rate due to the financial crisis occurred in 2008, We
also get the sub—optimal minimum guaranteed return rate and corresponding
investment strategy. Table 2 also shows that the bigger the value upper bound of

constraint, the larger the optimal total volatility is.

2.2. With consideration of reinsurance
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Reinsurance is an important tool to hedge the underwriting risk and investment risk
and it can also be used as an important instrument of capital management when the
reinsurance cost 1s not high. Table 3 lists the results of optimal solutions under the

constraint value being zero.

<Table 3> The optimal and sub—optimal solutions of minimum guaranteed return
rate and the allocations of investments under consideration of reinsurance

C | a* | a* | a* | g% | Re* | mn /iazm E*(X(10)- X(0)
>0 | 0.0966 | 0.0153 | 0.8881 | 0.0901 | 0.2637 | 0.000009 | 0.4075
>0 | 0.1138 | 0.0019 | 0.8843 | 0.0169 | 0.2525 | 0.00006 | 0.6017

From Table 3, we find that the optimal and sub optimal surplus is much larger, the
total volatility is much smaller and the investment strategy is more aggressive than that
without reinsurance. The main reasons may be that it decreases minimum guaranteed
return payment to the consumer due to the decrease of retention and reinsurance
helps to decrease underwriting risk4) and further hedge investment risk so as to obtain
more surplus. Therefore, reinsurance not only helps decrease underwriting risks but
also increase the surplus of the insurer. This result is conformed to the results obtained
by Scordis and Steinorth(2012), in which they find that a positive relation between the

use of reinsurance and value.

2.3 Numerical analysis of dynamic programming under the

condition without reinsurance

For multi—stage dynamic programming without reinsurance, the results are listed in

4) In our model, we did not consider the volatility of mortality and the underwriting risk is
indicated by paying the minimum guaranteed return. When the return rate is lower than
the minimum guaranteed return rate, the insurer will have deficit due to resulting
overpayment.
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Table 4 and Table 6. We change the maturity time from 10 years into 5 years in order
to simplify the calculation. Here we assume that the constraint of average annual
surplus 1s ¢=0.00.

<Table 4> The optimal solutions obtained multi—stage dynamic programming under
the condition without reinsurance

Stage(k) 1 2 3 4 5
c 0.00
g 0.0048 0.0048 0.0048 0.0093 0.0232
o (k) 0.00294 0.0294 0.0294 0.0182 0.0138
o, (k) 0.0199 0.0199 0.0199 0.0269 0.0210
o, (k) 0.9507 0.9507 0.9507 0.9549 0.9652
mng, 0.0051 0.0041 0.0035 0.0027 0.0019
%(k)) 0.00002 0.1883 0.1015 0.0572 0.0388

<Table 5> The sub—optimal solutions obtained multi—stage dynamic programming
under the condition without reinsurance

Stage(k) 1 2 3 4 5
c 0.00
g 0.0328 0.0328 0.0613 0.0613 0.0699
o (k) 0.0097 0.0097 0.0256 0.0256 0.0342
o, (k) 0.0749 0.0749 0.0495 0.0495 0.0063
o, (k) 0.9154 0.9154 0.9249 0.9249 0.9674
mingo; 0.0078 0.0065 0.0054 0.0046 0.0028
%(k)) 0.0123 0.1877 0.0995 0.0553 0.0342

From Table 4 we find that the optimal solutions of minimum guaranteed return rate
are very small except in the last stage. From Table 5 we find that the sub—optimal
minimum guaranteed return rate increases with the time, the annual average surplus is

small in first year and reaches largest in the second year and then gradually decreases
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with time from the third year. The total volatility gradually decreases with the time

from first year to last year.

2.4. Numerical analysis of dynamic programming under consideration

of reinsurance

For multi—stage dynamic programming under consideration of reinsurance, the
results are listed in Table 6 and Table 7. From Table 6 we find that the optimal
minimum guaranteed return rate are very low except the third stage. From Table 8 we
find that the sub—optimal minimum guaranteed return rate, the proportion of retention
and investment strategy is same in each stage except those in the first stage. We also
find from Table 7 that the sub—optimal minimum guarantee rate is higher and the
investment tends to be more aggressive(the portion of risk—free investment is lower)
while the sub—optimal retention rate is increasing. The possible explanation may be
that higher retention rate means the underwriting risk is not high and the insurer is
expecting to obtain more underwriting profit and more investment return, therefore,
the policyholder is also expected to obtain more return due to higher minimum
guarantee return rate. The optimal total volatilities are larger in every stage than those

without considering reinsurance.

<Table 6> The optimal solutions obtained multi—stage dynamic programming
under the condition with reinsurance

Stage (k) 1 2 3 4 5
c 0.00
Re(k) 0.5035 0.1838 0.4654 0.5648 0.5035
g 0.0093 0.0004 0.0249 0.0057 0.0093
o (k) 0.0182 0.0597 0.0181 0.0392 0.0182
o, (k) 0.0269 0.0149 0.0191 0.0370 0.0269
o, (k) 0.9549 0.9254 0.9627 0.9238 0.9549




min, 0.0044 0.0062 0.0026 0.0047 0.0021
E(XT(")) 0.0242 0.2172 0.1196 0.0649 0.0032
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<Table 7> The sub—optimal solutions obtained multi—stage dynamic programming
under the condition with reinsurance

Stage (k) 1 2 3 4 5
c 0.00
Re(k) 0.4100 0.7989 0.7989 0.7989 0.7989
g 0.0545 0.0638 0.0638 0.0638 0.0638
o (k) 0.0290 0.0103 0.0103 0.0103 0.0103
o, (k) 0.0607 0.1186 0.1186 0.1186 0.1186
o, (k) 0.9103 0.8712 0.8712 0.8712 0.8712
mng, 0.0087 0.0109 0.0083 0.0068 0.0058
E(XT(k)) 0.0382 0.1670 0.0952 0.0439 0.0382

This result is just opposite to that discussed in Section 2.2. The main reasons may be
due to that the proportion of retention is much higher and investment strategy is more
aggressive in dynamic programming case. However, the optimal guaranteed return
rates are higher except that in last stage. Therefore, it is beneficial to the customer for
the universal life insurance with reinsurance as whole.

On the whole, it is important to notice that the investment strategies suggested in
our analyses are rather conservative compared with those in current situations(NAIC
capital markets special report as of year—end 2010 stated that the portion of bonds and
common stock in insurance firms investments in the U.S. were 69.7% and 10.3%
respectively, where the bonds includes categories such as corporate dept, municipal
bonds, structured securities, U.S. government bonds and foreign government bonds).
Since current interest rates are unprecedentedly low in relation to human history, life
insurance companies face considerable interest rate risk given their investment in
fixed—income securities and their unique liabilities if the interest rate is expected to
rise. Moreover, our analysis shows that the optimal minimum guaranteed return rates

are much smaller than those in current industry policy (Please see the data in Table 8).
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Therefore, we believe that lower portion of bonds and lower guaranteed return rate
suggested in our paper can help insurance companies reduce the insolvency risk and

avoid the vulnerability to a sustained low interest environment.

<Table 8> Guaranteed interest rate in life insurance policies in the United States

Total Guaranteed Interest Rate
2006 2007 2008 2009 2010
4.22% 4.20% 4.11% 4.14% 4.09%

Source: National Association of Insurance Commissioners(NAIC), online data at
http://www.naic.org/cipr_newsletter_archive/vol3_low_interest_rates.htm

3. Sensitivity analysis of risk—free interest rate and other

parameters

3.1 What happens when risk—free interest rate and other

parameters change

In the previous sections, it was assumed that the risk—free interest rate and other
parameters are unchanged when the valuation models are discussed. In this section,
we will discuss the sensitivity of optimal minimum guaranteed return rate, the
investment and reinsurance strategy to the change of risk—free interest rate and other
parameters. We set the levels of risk—free interest rate, mortality, the insured age and
the cost rate of reinsurance 20% higher and lower than the standard values to see what

happens when these parameters change(see Table 9).
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<Table 9> The optimal and sub—optimal solutions when risk—free interest rate,

mortality, insured age and the cost rate of reinsurance changes

7, =0.054(1+02) A, =02
o ) fa¥el * —
og* | * | og* g% | Re* | mn Z“cr(t) E*(X(10)—X(0) o, —0.05% mﬁ&fﬁ:&,f;@m
0.0996/0.0153/ 0.8881]0.0901] 0.2637 | 0.000008 0.5784 —0.1111 0.4194
0.1138/0.0019] 0.88431]0.0169 0.2525 | 0.000006 0.7272
7, =0.0541—02) A =02
10 Ao o _
oF | o | g | g* | Ref | min S0 B0 om0y OG0 Oy
0.0966/0.0153| 0.8881]0.0901] 0.2637 | 0.000010 0.2500 0.1111 —0.3865
0.1138/0.0019/ 0.884310.0169 0.2525 | 0.000006 0.6010
q,vﬂ (1 +02’) M+,v = 02
o ) a¥el * —
| | a* | g*| Re* | min 550 | £auo-xo) 0 0055 OG0 Oy
0.0966/0.0153| 0.8881 ]0.0901| 0.2637 | 0.000010 0.3256 0.1111 —0.2010
0.0182/0.0269] 0.9549]0.0093 0.5035 | 0.000003 0.3666
q,vﬂ (1 _02’) %er = _02
o ) fa¥el * —
o* | * | og* g% | Re* | mn Z“cr(t) E*(X(10)—X(0) o, —0.05% mﬁ&fﬁ:&,f;@m
0.02910.0607,0.9103 [0.0545 0.41 0.000005 0.4216 —0.4444 0.0351
0.1138/0.0019/ 0.884310.0169 0.2525 | 0.000005 0.6483
x=40(1+0.2) =48 Axc=02
10 Ao o _
oF | o | g | g*| Rt |min S0 B0 om0y OG0 Oy
0.0966/0.0153| 0.8881]0.0901] 0.2637 | 0.000009 0.4106 0 0.0076
0.1138/0.0019/ 0.884310.0169 0.2525 | 0.000005 0.6032
X =40(1—-02)=32 Ax=—02
o ) a¥el * —
| ™| a* | g*| Re* | min \[550 | £auo-xo) o0 005 OG0 Oy
0.0966/0.0153| 0.8881]0.0901] 0.2637 | 0.000009 0.4062 0 —0.0032
0.1138/0.0019] 0.884310.0169 0.2525 | 0.000006 0.6010
n=0.1(1+02)=0.12 Ac=02
10 Ao o _
oF | o | ot | g* | Rt | min S0 B0 om0y OG0 Oy
0.0966/0.0153| 0.8881]0.0901] 0.2637 | 0.000009 0.4022 0 —0.0130
0.1138/0.0019] 0.884310.0169 0.2525 | 0.000006 0.5966
n=0.11—02)=0.08 Ax=—02
10 Ao o _
oF | o | ot | g* | ReF | min S0 B0 om0y OG0 Oy
0.0966/0.0153| 0.8881 ]0.0901] 0.2637 | 0.000009 0.4128 0 0.0130
0.1138/0.0019] 0.88431]0.0169 0.2525 | 0.000006 0.6067
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From the results of sub—optimum in Table 9, we find that increasing risk—free interest
rate, when risk—free interest rate is higher, will increase the optimal surplus of
insurance companies and the minimum volatilities of investment and minimum
guaranteed return rate, and vise verse. However, the optimal investment, reinsurance
strategies and optimal minimum guaranteed return rate keeps same whatever the
risk—free interest rate increases or decreases. Table 9 also shows that increasing the
mortality will increase the minimum total volatility of investment and guaranteed
return rate and decrease the surplus of insurance companies. And the optimal
investment, reinsurance strategies and optimal minimum guaranteed return rate keeps
same as those when mortality does not change. However, the retention increase, the
investment strategy becomes more conservative, minimum guaranteed return rate
becomes smaller, the optimal surplus of insurance companies become slightly larger
and the minimum total volatility of investment and minimum guaranteed return rate
smaller when the mortality decreases. Finally, Table 9 shows that there is little effect of
changing the age of the insured and the cost rate of reinsurance on the optimal
investment and reinsurance strategies, on the minimum total volatility, and on the

minimum guaranteed return rate.

3.2. Discussion

From the results of Table 9, we find that risk—free interest rate is the factor to which
response variables are most sensitive(i.e., changes of minimum total volatility and
expected surplus of the insurer are the largest in response to this factor). In this
section, we will discuss how the optimal solutions change when we take the actual
risk—free interest rate in current three months U.S. Federal Government Treasury Bill>),

that is, we take r, =0.1% and observe what happens to the optimal solutions.

5) http://www.marketwatch.com/tools/pftools
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Table 10 and Table 11 list the results.

<Table 10> The optimal and sub—optimal solutions of minimum guaranteed return
rate and the proportions of investments without consideration of
reinsurance (r; =0.1%)

c a* | a* | a* | g* | mn 3P0 | HX10-X0)
>0 | 0.1138 | 0.0019 | 0.8843 | 0.0169 |  0.0024 0.0290
>0 | 0.0294 | 0.0199 | 0.9507 | 0.0048 | 0.0017 0.0359

<Table 11> The optimal and sub—optimal solutions of minimum guaranteed return
rate and the proportions of investments under consideration of
reinsurance (r; =0.1%)

C o * o, * o, * g* Re* min g‘,cz ©® | HX10-X(O)

=0 0.0627 | 0.0789 | 0.8583 | 0.0208 | 0.2552 | 0.000010 | 0.0466
=0 0.1138 | 0.0019 | 0.8843 | 0.0169 | 0.2525 | 0.000006 | 0.1030

From the result of Table 10 and Table 11 we see that the optimal and sub—optimal
solutions of minimum guaranteed return rate are much smaller when risk—free interest
rate is very low. However, it is still necessary for insurance companies to set a
non—zero but lower level of guaranteed return rate, which will be beneficial for both

consumer and the insurer.

II. Conclusions

In this article, we discuss the optimal determination of minimum guaranteed return
rate, investment and reinsurance strategies with the help of dynamic programming,
stochastic optimization and Monte Carlo techniques. We establish the objective

function of minimizing the sum of volatilities of investment and minimum guaranteed
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return rate, at the same time, satisfying with the constraint of surplus of the insurer
larger than a constant. The results shows that changing the insured age, the risk—free
interest rate(when risk—free interest rate takes high value), the mortality will not affect
the optimal value of minimum guaranteed return rate, investment and reinsurance
strategies except the case when the mortality decreases. However, changing these
parameters will affect the sum of the volatilities of investment and minimum
guaranteed return rate and the surplus of the insurer. The results also show that when
risk—free interest rate is very low (r;=0.1%), the optimal and sub—optimal
minimum guarantee return rates are very low. One major limitation of our
study may be that we did not consider the effect of capital, and capital cost,
on the optimal strategies and these topics could be studied in future research

work.



Optimization of Dynanic Guaranteed Mnimum Return, Investment And Reinsurance Strategy By Balancing the Risks And Benefit of Both Insurers And Consumers 105

References

Bacinello, A.R., “Fair Pricing of Life Insurance Participating Policies with a
minimum Interest Rate Guaranteed”, Astin Bulletin, 31, 2001, pp. 275—297.
Bacinello, A.R. and F. Ortu, “Pricing Equity—Linked Life Insurance with
Endogenous Minimum Guarantee”, Insurance: Mathematics and Economics,
12, 1993, pp. 245—258.
Boyle, P.P. and M.R. Hardy, “Reserving for Maturity Guarantee: Two Approaches”,
Insurance: Mathematics and Economics, 1997.
Briys, E. and F. Varenne, “On the Risk of Insurance Liabilities: Debunking Some
Common Pitfalls”, The Journal of Risk and Insurance, 64, 1997, pp. 673—694.
Bruning, L., Low Interest Rates and the Implications on Life Insurers. CIPR Newsletter Artidle
httpy//www.naic.org/cipr_newsletter_archive/vol3_low. interest_rates.htm, 2012.
Capital Markets Special Report by NAIC, accessed online at
http://www.naic.org/capital_markets_archive/110819.htm
Galambos, J. D. and J.A. Holmes, “Efficient Treatment of Uncertainty in Numerical
optimization”, Risk Analysis, 17, 1997, pp. 93—96.
Gourieroux, C. and J. Jasiak , Financial Econometrics, Princeton University Press:
Princeton, New Jersey, 2001.
Grosen, A. and P.L. Joergensen, “Valuation of Early Exercisable Interest Rate
Guarantees’, The Journal of Risk and Insurance, 64, 1997, pp. 481 —503.
, “Fair Valuation of Life Insurance Liabilities: The Impact of Interest
Guarantees, Surrender Options, and Bonus Policies”, Insurance:
Mathematics and Economics, 26, 2000, pp. 37—57.
Mahayni, A. and E. Schlogl, “The Risk Management of Minimum Return Guarantees’,
warkingpeper, hitpy/wwwhusinessuts.eday/gfroreseardresearch papers/ipl 02.pdf, 2003.
Mao, H, K. M. Ostaszewski, Y.L. Wang and Z.K. Wen, “Determination of Optimal



N 23 =57 A27d Alls

Contribution Rate and Optimal Investment Portfolio of Defined Benefit

Pension Plan under the Expected Shortfall Constraint”, working paper, 2012.
Milevsky, M. A. and T. S. Salisbury, ‘Financial Valuation of Guaranteed Minimum

Withdraw Benefit”, Insurance: Mathematics and Economics, 2005.

Moeller, H., “Risk—minimizing Hedging Strategies for Insurance Payment Processes’,
Finance and Stochastic, 5, 2001, pp. 419—446.

Nielsen, J. A. and K. Sandmann, “Equity —Linked Life Insurance: A Model with
Stochastic Interest Rates”, Insurance: Mathematics and Economics, 16, 1995,
pp. 225—253.

Persson, S—A and K. K. Ase, “Valuation of the Minimum Guaranteed Return
Embedded Life Insurance Products”, The Journal of Risk and Insurance, 64,
1997, pp. 599—617.

Scordis, N. A. and P. Steinorth, “Valuation from Hedging Risk with Reinsurance”,
Journal of Insurance Issues, 35, 2012, pp. 210—231.

Vasicek, O. A., “An Equilibrium Characterization of the Term Structure”, Journal of
Financial Economics, 5, 1977, pp. 177—188.

Yao,H, Y Lai and Y Li, “Continuous—time mean? variance asset? liability management
with endogenous liabilities”, Insurance: Mathematics and Economics, 52,

2013, pp. 6—-17.



Optimization of Dynamic Guaranteed Minimum Return, Investment And Reinsurance Strategy By Balancing the Risks And Benefit of Both Insurers And Consumers 107

2 o
B oERe fUNY ARIY HH AARF £} A T
A% AL AR AN, o1 S

kol wls) Aok stcke Alekstel BT BE

jg

ofgo] Aol A|A1E
94 9B BF HLIE ABE AL, AAE ol A5 £A
A A T3 Aslel §2 2 BUEE A8, £

A e Aow e, et o8 w ex } WEY 2 AR
Folge) WEAY P RPN JoiFo] FFL wA otk AA
298 o8] TS BE AR, —01%)AAE BH B R AART
ST WS elAE Row UEhdth

P3

SR Aelol: AR, FUNARY, HAlAenT, A s



www.kci.go.kr



