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ABSTRACT

Fuzzy systems such as fuzzy linear systems, fuzzy differential equations, fuzzy linear programming,
fuzzy decision making, and other topics are used to study various problems. In general, fuzzy numbers
are used to represent the various data in fuzzy systems. Many researches have worked on that measure
the distance or the different between two fuzzy numbers as follows: computing distance between two
generalized fuzzy numbers, distance measuring between interval numbers, measuring between fuzzy
numbers in the Euclidean space, measuring include vagueness, distance measuring between Gaussian type
fuzzy numbers, measuring interval metric distance include Q-cut, and so on. Distance measure or
different are very essential tool in a variety of fields. In this paper, we propose a method to measure
the interval distance of two interval-valued fuzzy numbers. The method is based on the measure of
interval distance on the research of M. A. Firozja which can apply to two interval fuzzy numbers. Also,
we show the properties of interval distance and proofs of them. The interval distance between
interval-valued fuzzy numbers can provide us with a useful way to measure the similarity for handling
various fuzzy systems which represent the data as interval-valued fuzzy number.
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measure evaluate the distance or difference
between two fuzzy numbers and is a very useful
method in various fields. Many researchers have
studied on distance measures between fuzzy
numbers[1-9]. In [1] Tran et al. suggested the
distance measure between the interval numbers. In
[2] Diamond et al. proposed a measure between
fuzzy numbers in the Euclidean space. In [3]
Yang et al. updated the measure proposed by
Diamond with measure that is able to include
more information about vagueness. In [4] Xu et
al. introduced the distance measure between
Gaussian type fuzzy numbers. In [5] Cheng
suggested a distance index using the centroid
points of the fuzzy numbers. In [6] Allahviranllo
et al. proposed the distance for two fuzzy
numbers on the interval numbers. In [7]
Chakraborty et al. compute the fuzzy distance for
two generalized fuzzy numbers. In [8] Guha et al.
introduced the fuzzy distance between two
generalized fuzzy numbers and confidence level
of fuzzy numbers is considered. In [9] Firozja et
al. studied the distance for two fuzzy numbers by
their O—cut, an interval metric distance on fuzzy
numbers.

In this study, we propose the distance measure
between interval-valued fuzzy numbers based on
the measure suggested by Firozja et al.[9] who
describe the interval distance between generalized
fuzzy numbers.

The paper is organized as follows. In Section
2, we briefly state some basic concepts. Section 3
describes interval distance and Section 3 proves
the properties of the metric for distance measure.

finally, the paper ends with conclusions.

2. Background concepts

In this section, some basic concepts of the
generalized left right fuzzy number are given and
then some concepts of interval-valued fuzzy

number are described.

2.1 generalized left right fuzzy number
To be able to deal with curvilinear

membership functions, we define the generalized

left right fuzzy number(GLRFN) as the following
definition 1[10].

Deﬁnition 1. AGLRFN:(al, az, as, a4)GLRpN iS a

GLRFN whose membership function satisfies the

following:

ay—T

L( ), 0 <z < a,,
a, —a,

1 ay =T < as

W @) =17 )

GLREN x*ag

4 ), a3 <z < ay,
a,—ag

0, otherwise.

where L and R are strictly decreasing functions

defined on [0,1] and satisfying the conditions:

Lt)=Rt)=1 if t <o,
Lt)=Rt)=0 if t>1.

For a,=a;, we have the classical definition of
left right fuzzy numbers(LRFN). Trapezoidal
fuzzy numbers(TrFN) are special cases of
GLRFN with Z(t) = R(t) = 1 —t as the following

definition 2.
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Definition 2. Aren=(a1, a2, a3, a4)n is a TrFEN

whose membership function satisfies the
following:
a2 — T
—, 0 =T = g,
Ay — g
1, ay = =< as, )
Piam | 2—a (2)
— 03 =T = ay,
ay—ag
0, otherwise.

Triangular fuzzy numbers(TFN) are also
special cases of GLRFN with Z(t) = R(t) = 1—t
and a,=as. r-level interval of fuzzy number A4 as
[;1]r = {xER | j;(@ Zr} where [4]" = [A(r),

(r)]=l[az-(az-a1)L;!r), a3 + (a4 - a3) r; () ].

Let F(R) be the fuzzy numbers on R and I(R)
be the interval numbers on R, then we denote [a,
b] as a interval number where a<b. Let the two
interval numbers [a, b], [c, d]=R and TER ,then
we can define the operations of the interval

numbers as followings:

1. [a, b]D[ec, d]=[a+c, b+d],
2. 1®[a, b]J=[min(Ta, Tb), max(ta, Tb)].

The comparison for two interval numbers [a,
b], and [c, d] is the followings:

l.[a,b] < [c,d]=a=<cb=d,
2.[a,b]=[c,d] = a=c,b=d,
3. [a, b] is nonnegative such that [a, b]=]0, 0],

and write [a, b]=0, and a < b = min(a, b) = a.

2.2 interval-valued fuzzy number

We  briefly
interval-valued fuzzy number(TrIvFN)[11].

describe  the  trapezoidal

Definition 3. A:<ZL, ZU>:<(¢11L, ay, af, af;

/.L;lj,(l‘)), (af’y, aof, of, df; ,LL;41<I))> is a TrIvFN

whose membership function satisfies the
following:
I
a5y — T
2 L L
7 7500 =T = 4y,
Ay —
L L L
_Jw ay =T = ag,
K (x) = ’ I 3)
xr — a3
I I
BVAA as <zx< Ay,
ay — a;z
0, otherwise.
U
a2 — X
U U
T 70 =T = ay,
)
U U e U
_Jw 2 =T = a3,
pole) =49 @)
xr — Cl3
U U
U U as <zr< Ay
ay —ag
0, otherwise.

where TrIvVEN 4 has two elements, where the
one is the lower trapezoidal interval-valued fuzzy
number p.(z), and the other one is the upper
trapezoidal interval-valued fuzzy number u.(z),
and ! <t <ot <ok, V<ol <ol <ol b < al<db

r L
< <ol 0<wt<wY<1.

3. Interval distance

In this section, we present the interval distance
between interval-valued fuzzy numbers based on
the interval distance between generalized fuzzy

numbers.
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Let 4 and B be TrIvFN with 4 =<Z*, 2“> and
B=<p', B"> and then also with [2"]'=[4%(r),
atm), [AT=[avw), 20, [B=[8"), 5" ()],
(B =B

We can evaluate the distance between these

), B"(r)] respectively.

two interval-valued fuzzy numbers as defined d

(A4, B) = [(a"+a")/2, (1"+a")/2], where

df=min{ ™ | AX(r)-B*(r) |, min | A" (r)-

relo,1] ! = = > re0,1]
—L
B ()|},
max L max —L
d’ =max { " | 4"(r)-B () |, mex | A"(r)-
(r) 13,
c_i”:min il A70- B0 |z 147
B[},
d" =max { ", | AY(r)-BY(r) |,Tgﬁ)’f1] | 4%()-
(r )]
4. Properties

The proposed distance measure between
interval-valued fuzzy numbers has the following
properties, where the proofs of these properties

are shown.

Property 1. Two interval-valued fuzzy numbers
A and B are identical iff d(4,5) =0, 0].

Proof. If two interval-valued fuzzy numbers A
and B are identical, then A“(r)=B%(r), A" (r)=
B“(r), AY(r)=B"(r), A"(r)=B"(r). we can get
the interval values of the lower fuzzy number
and the upper fuzzy number as follows: d” =
)-B*(r) |,

min{ 2" [ A" (r

mm _L
rEOl |A (T)|}

(r)-B"(r)], m |

= max{ ¥ |A i

relo,1]

0, d” = ming 5, | 4%
BY(r) |, mn, | 4%r)-8"0) 1} = 0, and d"
—max{ max |A[/ BU( )|’ renaox1 |A _U(T’)

1} =0.

Therefore, we can obtain

d(A, B)=[(a* + av) / 2, (a* + 3") / 2]
= [(0 +0)/2, (0 +0) /2]
= [0, 0].

Property 2. d(4,B)=d(B,A4).

d(4, B) = [(a"+a")/2,

(a*+3d")/2], where d*=min Tg[iéfl] | A%(r)-B*(r) |,

Proof. we can see that

— —L J—
(i 1A (r)-B"(r) I}, d"=max{ " | 4"(r)
—L max L U_ min
B (r)|,7€ao1 | A" (r (r)|}, d“=min{ " |

N —U

AY(r)-BU(r) |, rsg;ulAL(m- )}, d
_max{rrenaoxl |AU BU( )| rrenaoxl |A 71](7')
3.

d(B,A) = [(a“+a")2, (a“+d")2], where d”

“AMr) |, min | BY(r)- AT (r)

—mm{ min |BI , i

rel0,1]

(r)-A"(r) |, = | B (r)

reo,1]

1}, d :max{ max | B*

reo,1]

L . .
)1}, dY=min{ mi | BY(r)-

B(r)-4"(r) |}, d"=max{, ™

AU<T) | min

sre(0,1] |

I BY(r)-AY(r)

|z 1B (r)-A"(r) |}, where ™| A% (r)-
B'(r)| = ,2;0“”\1# r)-Ar) |, i | AR (r)-
B )| = me | B -4 |, i | AV
B = mn [BYr)-A"(r)[, and  mi |
4%(r)-B"(r) :rén[lo‘flﬂB (r)-A%(r) |

Therefore, we can obtain d( A4, B)=d(5,4).
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Property 3. If 4 and B are real numbers then
d(4,B) = |a-b|.

Proof. If 4 and B are two real numbers, then
we can see that
;1 — <;1L’ ;lzf>
= <(af,af,af,af; pyi(2)), (afy of, of, aff; pyla))>
=<(a,a,a,a;1),(a,a,aa 1)y>
=(a,a,a,a;1)
=a,
B=<p, B>
= <(bf,b8,b8,055 (), (o, b7, bY, b75 wypla) >
=<(b,b, b, b; 1), (b, b, b, b; 1)>

=(b,b,b,b; 1)
=b,
we can get " [ A%(r)-B"(r) | = [a-b|, M |
BB | = b, ,gggﬂ | 470)-B76) | = |
a-b|, and min |A #)-B'(r)] = |a-b], and also

re(0,1]

calculate as follows c_lL:mm (e | AR(r)-B ()

|, min 1A% (r)-B () |}—|ab| d"=max i
ol max —

| A% ( T-B(r)|,6m|A By = Ia-b\

dU—mln{ min [ AY(r) BU(r)| i

“r = \a-b| and dU=max{Tgﬁj‘f1] | AY(r)-
“(r) 1} = la-b].
Therefore, we can obtain d(4,B)=[|a-b|, |a-b

1= la-bl.

EU(T.)| mdx |A

*refo.1]

5. Conclusions

In this paper, we have described a distance
measure between interval-valued fuzzy numbers
based on the measure suggested by Firozja et

al. who describe the interval distance between

generalized fuzzy numbers. The proposed

distance measure is more flexible than the other
methods due to the fact that it uses
interval-valued fuzzy numbers. The proposed
method can apply to fuzzy similarity measure,
fuzzy decision making, fuzzy risk analysis
problems, and various fuzzy systems such as

marin power plants.
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